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Chapter .7
PERMUTATIONS AND SELECTIONS

7-1. The Pascal Triangle

Five students form a club. We shall call them by their
initials A, B, C, D, E. Naturally, the first order of business
in the club 1s to choose a refreshment committee. It is agreed
that the committee should have three members. How many possibil-
" ities for the membershlip on the committee do you think there are?
One possibllity would be a commlttee consisting of B, C,

" and E, We might abbreviate this possible committee by the
symbol (B,C,E}.

Class Exerclses 7-la

1. Another possible membership list consists of A, D, and E.
Write the abbreviated symbol for this case.

2. Does the committee {B,E,A} have the same members as the
committee (E,A,B}?
3. Gilve two other symbols, each of which names the committee

mentioned in Problem 2,
I, Make a 1list of all the‘pggsible éommittees of three members,
5. How many committees aféqin your list?
6. Of how many of these committees is D a member?

7. Comﬁafe the number of committees of which B 1is a member and
the number of those which include D.

(Answer the following questions without doing any more counting.)

8. How many of the committees do not include A?

9
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9. What is the ratio of the number of committees including E
to the number of possible committees? (Did you answer this
question without further counting?)

*.10.. How many committees have both A and C as members? We may
gﬁsily answer this question without looking at our 1ist of
all the possible committees. We observe that since a
committee (A,C,?} has two members specified, then there 1is
only one vacancy to be filled. How many possible choices are
there for the third member? Thus three of the ten possible
committees include both C and A,

11. What is the ratio of the number of possible committees
" "including both B and E to the number of committees

including B?

Whenever three of the five students are chosen for a special
purpose, such as membership on a committee, then the remaining two
have also been chosen--chosen, in the sense of not serving on this
particular committee. In other words, the seleztion of a committee,
'in effect, separates the club members into two sets. One method
for selecting the membership of a committee is to decide which
club members will not serve. For example, if it 1is decided that
a committee shouid not include C and D, then we know that the

committee is {A,B,E).

12. Name the committee determined by the condition that A and
E have been chosen to be non-members,

Pl

13. Which two students are picked as being non-members in (E,B,C}?
The selection of a committee of three members also means a
choice of another committee with two members, namely the other
two of the five club members. For example, the selection cf
{E,B,C} determines the two-member set or committee (A,D}.

14, Since there are ten possible committees with three members

each, how many possible committees with two members each are
there?

10
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15, Since six of the possible three-member committees include B,
how many of the possible two-member committees exclude B?
16, How many of the possible two-member committees include C?

17. Find the answer to Problem 16, using the method of filling
the vacancy in (C,?]).

Exercises 7-la

1, From the club (4,B,C,D,E}, one vossible committee with four
members is {A,B,D,E]}.
(a) Make a 1ist of all the possible committees, each with
four members.

(b) How many in the club are excluded each time a committee
with four members is formed?

(c) Make a 1ist of all the possible committees with one
member each.

(d) Wnat relationship is there between the number of
possible committees with four members each and the
number of possible committees with one member each?

(e) How many committees are there with all.five as members?
2, A club has four members whom we may call K, L, M, N.

(a) How many possible committees in this club could have
four members?

(b) How many possible committees could be formed with one
member each?
(c) Name each of the possible one-member committees.

(d) To each one-member committee there corresponds, in a
natural way, a committee with three members. What is

that natural way?

(e) Use parts (c) and (d) to make a 1list of the possible
committees with three members each,

11
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(f) Make a list of the possible committees with two members
each.

3. Make a list of all the possible committees, and note how many
committees there are of each size in & oclub with three
members, (Call the club members P, Q, and R.)

§. Do as directed in Problem 3 for a oclub with two members.
Name the members U and V.

5. Do as directed in Problem 3 for a e¢lub with Just one member,

6. A family would enjoy each of four vacation spots., It is
decided to choose two of the four and spend part of the
vacation time at each of the two. How many possible choices
are there for th% pair of vacation places?

7. 'The refrigerator holds two cartons of ice cream, The dairy
has five flavors, and the family always likes to buy two
different flavors. How many times can the family go to the
dairy and bring home a different pair of flavors?

Let us make a table showing the number of possible committees
with a given number of members from a club with five members.
This table will summarize several of the results we have obtained
in previous problems, 1In a club with five members, there are 5
possible committees with one member, 10 committees with two
members, 10 committees with three members, 5 committees with four
members, 1 committee with five members. The selection of a
committee which includes all five club members (sometimes referred
to as the 'committee of the whole") means that there are zero club
members not serving. Thus we may balance our table by saying that
there is one possible committee with zero members. (You may wish
to compare this agreement with the remark that there is Just one
empty set.)

If we arrange our data according to increasing size of
committees, we have the followlng sequence:

1 5 10 10 5 1

[sec. 7~1]
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These six numbers tell us how many possible committees of various
sizes can be chosen from a club membership of five,
The same type of data, for a club membership of four, is the

following:
1 4 6 4 1
Be sure that you understand the significance of each of these five

- entrles. | .
We riow have two of the rows in the table we are constructing.

sl Class Exerclses 7-1b

1. In particular, what does the last 1 1in the data
1, 4, 6, 4, 1 mean?

2. What does the first 1 mean?

3. What is the corresponding listing for amplub membership of
three? - o

4, How can you interpret the data
1 2 1 2

5. What data of this type do we have for a club.with only one
member? ; .
. Let us collect into a table the dxta for the various
clubs. Each row of the table belew shows the information for
a club of a certain size,:

1 1
1l 2 1l
1 3 3 1
1 4 6 b 1
1 5 0. 10 5 1

Let us examine again the entry in the table telling how many
‘possible committees of thrée members each can be named from the
13
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club (A,B,C,D,E}. In the table the entry is which of the 10%s?
A committee of three may include E or it may not. We will
--8tudy these two cases 1n more detail.

6. How many possible committees with three members include E?

7. A committee including E 1s of the type (E,?,?}. How many
vacancies appear? From how many members can these vacancies
be fllled?

8. In view of Problem 7, compare the answer to Problem 6 with
the number of possible two-member committees in a ¢lub of
four members, ‘

9. How many pdssible committees with three members exclude E?

10. A committee excluding E 1s of the type {?,?,?} where no
blank may be fllled with E. How many vacancles appear?
From how many possibilities can these vacancies be fillled?

11. In view of Problem 10, the answer to Prcotlem 9 1s the same as
" the number of commlittees with (how many?)v l_ members
from a club of (how many?) members,
By enclircling we show in the table below the three
entries we'have been studying.

1 1
1 2 1 -
1 3 3 1
1 4 1
1 5 10 5 1

The éntry 10 1is the sum of the two numbers, 6 and 4,
nearest it on the preceding line. :

The table we have been studylng 1s a part of the array known
as the Pascal ‘triangle. (The i‘rench mathematician, Pascal, seven-
teenth century, contributed to geometry and the theory of
‘probability.) The table would resemble even mecre an edqullateral
triangle if we supplied a vertex at the top; this 1s sometimes

14
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done, .but we shall not be concerned with it. In our version of the
Paséal triangle, the first, second, third, fourth, and fifth rows
show the numbers of possible committées from a club of one, two,
three, four; and five members, respectively. Copy the "triangle"
and add the row corresponding to a club with six members.

Exerclses 7-1b

1. Check that (except for the ones) every entry in the table is
the'sum“of,the two numbers nearest it on the pzeceding line.

2. (a) Wwhat does the 6 1in the fourth row mean?
(b) ‘What does the first 3 in the third row mean?
3. (a) What does the second 15 mean in the sixth row?
(b} What does the second 10 mean'in the fifth fow?

4. (a) which entry indicates the number of possible committees
with two members formed from a club of six members?

(b) Wnich entry indicates the number of possible committees
with one member formed from a club of five members?

5. A-club has six members, which we denote as A, B, C, D, E, F.

(a) Some of the possible committees with two members are
{(a,B}, (A,Cc}, {C,E}. Make a 1ist of all fifteen of
these committees. (Write your 1ist down a page, using
fifteen rows.)

(b) ©On the right-hand side of your answer to (a), make a 1ist
of all the possible committees with four members.
Specifically, for each committee in the 1ist for (a),
write beslde 1t the committee whose four members are
excluded from the committee with two members. As an
example, one line on Yyour answer sheet will be:

{a,c] (B,D,E,F)

(¢} After you have written your list of commlittees with four
members each, how can you obtailn the number of these

[sec. 7-1]
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possible committees by adding two numbers obtained.from
the fifth row of the Pascal triangle?

(d) Make a complete list of all possible committees with
three members each. :

(e) Does the number of committees listed in (d) agree with a
number obtained from the fifth row of the Pascal
triangle?

6. Find the seventh row of the Pascal triangle.
7. Find the elghth row of the Pascal triangle.

8. What are the first two entries (on the left) in the twenty-
third row of the Pascal triangle?

9. What are the last two entries (on the right) in the fifty-
seventh row of the Pascal trlangle? '

7-2. Permutations

Suppose that the ciubt whose five members are A, B, C, D, and
E chooses an executive cc.uilttee to conduct the business. The
executive committee has three members and is composed of B, D,
and E. These three members, in a meeting of the committee,
decide that they should assign responsiblilities. One should be
chalrman, another be secretary, and the third be treasurer for the
club., In how many ways do you bellieve these jobs can be given to

"the three?

Class Exercises 7-2a

1. If D is chosen chalrman, in how many different ways can the
other two jobs be distributed betveen B and E?

2. List each of these ways in detail, by telling which Job each
one would have. )
- 16 ;
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If E 1is chosen chairman, in how many different ways can the
other two be given jobs?

In how many different ways car the three offices be assigned
to the three if B 1is chairman?

In how many different ways can the three offices be assigned
to the three members of the executive committee?

Exerclses 7-2a

A club has eight members whose initials are A, B, C, D, E, F,
G, H. An executive committee (A,F,i) distributes its Jjobs
among 1ts members. One possible way is:

Chalrman A, Secretary H, Treasurer F,

(a) Make a 1ist of all possible ways of assigning these three
Jjobs to the three members of the committee so that each

person has a Job.
(b) How many ways are there?

Four boys--Paul, Ron,'Sam, and Ted--wlll participate, one

-af'ter another in a relay race.

(a) One possible order of running is as follows:
First, Paul; second, Sam; third, Ron; fourth, Ted. Make
a 1list of ali the possible orders of performance, Note:
One way to make this 1list is to fix attention on the
position and tabulate how the boys can be fitted in (use
P, R, S, and T to represent the boys). Such a- table
might begin like this:

17:
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‘;UE‘;U‘;U

1234 123% 1234 1234
PRST RPST "SPRT TPRS
PRTS RP T S. .. T. . .
PSRT R... S... T ...
PSTR R. .. S... T ...
PTRS R... sS. .. T . .
PTSR R. .. s. . . ...

* Complete the listing. Save it for further use.

(b) How many different teams are in your list?

Assume that a group of people are asked in a poll to express
their preferences concerning potatoes. The possible cholces
are baked, mashed, and frerich-fried potatoes. They are to
indicate which they like best, next best, and least. How
many different orderings of preferences are possible?

Three different presents are given to three children. In how
many different ways can the gifts be distributed among the

children? -

Four horses are to be assigned positions at the post in a
race. In how many ways is it possible to distribube the
horses among the first, second, third, and fourth positions?,
If you prefer, you may use the answer to another problem in
this set of exercises rather than making a new list.

A salesmandyorks five days'during the week. He has customers
in five cities. He spends one day each week in each city.
Clayville is only six miles from his home and he goes there
each Monday. Since he does not enjoy routine in his
traveling, he likes to match the other weekdays with the four

18
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remaining cities in as many ways as possible; How many weéké_
can he work without being obliged to repeat any route for a
week? '

 ?.‘_A stenographer has four envelopes addressed to Adams, Brown,
Clarﬁ;’and Davis, respectively. She has four letters written
to these four men. She puts one letter in each envelope. In
how many ways might she do this so that one or more of the
letters is placed in the wrong envelope? Is 1t possible to
place just one letter in the wrong envelope? .

. There is an obvious difference between the problems you have
Just been working and the problems of Section 7-1. In Section T7-1
the order in which you named individuals did not matter. For
example; the committee (A,B,C} was the same as committee {Cc,B,A}.
There, we were interested only in the set containing the three -
elements A, B, and C. :

In the last group of class exerclses, we were forming
executive committees of the individuals B, D, and E. Let us agree
that, when we name such a cbmmittee, the first-named will be
chairman, the second will be secretary, and the third treasurer,
Thus (B,D,E} would represent B as chairman, D as secretary and
E as treasurer. For example, the executive committee (E,B,D}
would be different from the executive committee (D,E,B}. In the
relay race problem, the relay team PTRS would be different from
the team RTPS, because the order in which the boys run 1is
different. In Problem 3 of the last set, the preference listing
{mashed, french-fried, baked} is different from the listing
{frenéh-fried, mashed, baked} because of the order in which the
ltems are listed. Such problems in which the order is important
are called permutation problems.

Different arrangements (or orderings) of the objects or
persons are of interest in a permutation problem. We would say
that PTRS and RTPS are two different permutations (or arrange-
ments) of P, R, S, and T. So, in:f e relay race problem, we want

[sec, T7-2]
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to count the number of permutations of four things, namely P, R,

~.8, and T. In the preference-poll problem, we needed to count the
number of permutations of three things; namely, threce ways of
cooking potatoes.

Definition. A permutation of a set of elements is
an arrangement of the elements of the

set in some order.

How to Ccunt Permutations

Up to this time you have been counting the number of permuta-
._tions merely by listing them. You had to be careful to list them
in an orderly fashion and not to miss some permutations. A faster
and more efficient method of counting is needed, especlally if a
large number of objects 1s involved..

Suppose you want to indicate your prefererce for three flavors
of ice cream--vanilla, strawberry, and chocolate (name these by
letters V, S, and C). You want to designate first, second, and
third preferehces. Your possible listings are, by columns:

1 2 3
vsS¢ceC SVEC CSV
ves SCV CVs

' Notethat V 1is first preference in Column 1; S 1s first pref-
erence in Column 2; C 1is first preference in Column 3. This
indicates that you could choose your first preference in any one
of three ways. Suppose now that you have chosen first preference
as V. There were two ways of choosing the second preference,
either S or C. (You can see this in Column i.) If your first
preference had been S, how many choices were there for second
preference? If your first preference had been C, how many were
there for second choice? For each possible first preference there
were two possible second preferences. Since the first preference
could be chosen in any of 3 ways, and for each of thess, the second
could be chosen in 2 ways, ‘the total number of choices for the

20
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first two preferences 1s what number? It 1s hoped that you said
3:2 ways, There remained then only one éhoice for the third.
preference. Hence the total number of choices for all 3 pref-
erences 1s 3+2-1.

Another way of thinking about this problem 1s to use boxes to
indicate the three preferences.

3(2]1

For your first preference you have 3 possible choices, which you
may indicate by a 3 in the first box. Once this first preference
has been given, you have only two possible choices for second pref-
érence. This 1s indicated by placing a 2 in the second box.

Now, having chosen your first preference and also your second
preference, there is only one possible third preference, which you
indicated by a 1 in the third box. Thus, the total number of
preferences is 3.2.1, Agaln,we observe that, for each choice for
first position, there are two choices for second position.

As another 1llustration of this box device, let us look at the
possible different running orders for the relay team of P, R, S,
and T discussed in Problem 2, Exercises 7-2a. For first runner,
we may choose any one of the four boys. We indicate this by a 4
in the first box of the dlagram below:

ENENEREN
Having chosen the first runner, we may choose any of the 3
remaining boys to run in second position. With any specified
cholce for the first two positions, we have two possible choices
for the third position. Finally, having chosen three boys, there
remains only 1 choice for the fourth position on the team. Hence,
the total number of possible running orders is 4:3-2-1 = 2,
These are the 24 orderings of PRST which you enumerated in the

last paragraph.

B
oy
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Exercises T7-2b

Two-digit numerals are to be formed using the digits 6, 7,
and 8, No digit is to be used more than once (that 1is,
numerals like 77 are not permitted here). '

(a) How many choices are there for the first digit?

(b) The first digit having been chosen, how many cholces are
there for the second digit?

(c) How many two-digit numerals of the type permitted can be
written? (Leave the answer as an indicated product.)

In the following problems leave all answers as indicated products
(9:8 should not be written as T72).

2-

3.

Use digits 1, 2, 3, 4, 5, 6, 7, 8, and 9 and form two-digit
numerals as in Problem 1. How many such can be formed?

How many different two-letter "words" can be formed using the
letters of our alphabet? No letter is to be used more than
once. (The "word" formed need not make sense--the two-letter
arrangement tg 1s a "word" in this sense!)

Use the digits 6, 7, 8, and 9, not permitting the repetition
of any digit (as in Problem 1), How many four-digit numerals
can be formed? :

Use digits 1, 2, 3, 4, 5, 6, 7, 8, and 9; repetition of a
digit .1s not permitted. '

(a) How many three-digit numerals can be formed?

(b) How many four-digit numerals can be formed?

- (e¢) How many six-digiﬁ numerals can be formed?

Four persons enter a room which contains 15 chairs arranged
in a row. In how many different ways could the persons be

_seated in this rdw?

Suppose there are n chalrs placed in a row. Two persons are

to be seated.

(a) How many choices does the first person have?
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(b) After the first person is seated, how many different
cholces remain for the second person?

(¢) Is your answer to part (b) the same for each chailr the
first person may choose? Why?

(d) How many different pailrs of chalrs can the two people
choose?

(e) - Find the number of ways three persons can choose chalrs
from the n chairs placed in a row.

(f) FPind the number of ways four persons can choose chairs
from the n chairs placed in a row.

In Problem 1 above you found the number of permutations (or
orderings) of 3 different things arranged two at a time. We will
use the symbol Pj3 ,o for this number. In Problem 3, you were
asked to find P26 o> the number of permutations of 26 different
things arranged 2’ at a time. Uslng this notation in Problem 7(d)
we wished to find P , o3 in Problem 7(e) we wanted to find P n,3’
the number of permutations of n different things arranged 3 at
a time.

In general, we say:

Pn,r = the number of permutations of
n different things arranged
r at a time.

According to your results in the preceding problems:

Py p = 43 < 9.8
Py g5 = 4:3:2 Pog,2 = 2625
Py y = 4:3:2:1 fls,u = 15-14.13+12
Pn,2 = n(n-1) Pn,3 = n(n-1)(n-2).
The symbol P n,r makes sense only when n and r are counting

numbers and r < n.

[sec. 7-2]
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There is a speclal case of P ,r which 1s of considerable
importance. In Problem 4 you were finding "the humber of peruiti-
tations of "4  things arranged 4 at a time," or, in abbreviated
form, Pu y- The answer was Py , = = 4.3:2:1., This number is the
product of all the counting numbers in succession from 1 to 4.
Similarly, P5,5 = 5.l 2.1 1s the product of all counting
numbers from 1 to 5. Such products using successive counting
numbers as factors occur frequently in mathematics and we have a
special symbol for them. We write 5! = 5.4.3.2:1 and we read
51 as "five factorial." Similarly, "four factorial" 1s 4! =
4.3.2:1, - .

In general, n factorial (written n!) means the product of
all counting numbers in succession from 1 to n. Thus,

n! = n-(n-1)+(n-2)- ... +3:2:1.

A

Note that it is equally'correct to write:
b1 = 1.2-3:4
51
n! =1-2-3+ ... *(n=1)-(n).

1-2:3:4%-5 and

In much of your work here 1t 1s probably more convenient to write

n! as n-(n-1)- ... *2+1, but you may write n! = 1-2-3* ... *°n
if you wish, .
You should check, on a separate plece of paper, that

1 =1

21 = 2.1 =2

31 = 3.2.1 =6

Bt = 4.3.2.1 = 2b

51 = 5-4.3.2.1 = 120

61 = 6+5-4+3-2-1 = T20

71 = 7+6-5-4.3.2.1 = 5,040

81 = 8.7.6-5-4.3.2.1 = 40,320,

24
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As you see, n factorial increases at a truly remarkable rate as
n increases. Hence the exclamation point "!" ig an appropriate
symbol to use. (To express the same sentiment, British mathema-
ticians sometimes read n! as "n admiration™t)

In our work on permutations we noted that:

P different things arranged 3 at

the number of permutations of 3
3,3 = 3!, and
’ a time

different things arranged 4 at
a time

: the number of permutations of &4
P}"‘ 4 4' ]
2

By using arguments like those of the previous paragraphs you should
be able to convince yourself of the truth of the following:

If n 1s a counting number, the number of per-
mutations of n different things arranged n
at a time is n factorial. In symbols, we write

= n!
Pn,n

Exercises 7-2c

Express the following in product form:

“(a) 61 (b) 71 . (e¢) 10! (d) 151'

Notice that 41 = 4:3:2:1 = 4(3-2-1) = 4(3!1). .a a similar
fashion, write each of the followlng factorials in terms of a
second factorial.

(a) 7! (b) 61 (c¢) 10! (d) 12t

Find the quotient of 14! givided by 13! (without performing
any multiplications).

Show, without performing any multiplications, that 6! is the
product of 6, 5, and (4!).

The- factorial of 10 is the product of 10 and 9 and
another factor. What is this third factor?

Show that 62! 1is the same as 62-61+(60t),
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7. How many different batting orders are possible for a baseball
team of nine players? '

8. 1In a racing boat there are 8 seats, one behind another. In
how many ways can the 8 members of a university crew take

these seats?

9. How many permutations .are there of the letters of the word
"scholar"?
10. If one of the members of a baseball team always pitches, in
how many different playing arrangements can the other team

members be distributed among the other playing positions?
There are only nine members available for the team.

A General Multiplication Property

In our thinking about arrangements and selections we have
often made use of the following:

Multiplication Property. Ig_gg‘operation can be done
in m ways and, aftefiig has been performed in
any one of these ways, a second operation can be
performed in n Wways, then the two successive

~operations can be performed in m X n ways..

As a pleasant illustration of this property, think of the
problem which faces you in choosing a sundae at a dairy or drug
store. You have a choice of 3 flavors of ice cream (strawberry,
vanilla, and chocolate). After you have chosen the flavor of ice
cream, you may choose either of 2 toppings (marshmallow or nut).
You may perform the first selection in 3 ways and then, after you
have chosen any particular flavor,‘the second choice. may be made in
2 ways. Thus the total number of different sundaes 1s 3+*2 or
6. In words,

The number the number . the numbér

of different = of different X of different

sundaes flavors . toppings
26
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. As a second 1llustration, we ask: How many possible license
pPlates are there consisting of a letter followed by 2 digits?
" Do not allow zero as a first digit.
We think of the problem in terms of a box diagram.

Las [ o [ 10 ]

The first position on the license plate can be filled in 26
possible ways, since we may use any one of the 26 letters of the
‘alphabet. The second box may be filled in 9 ways,'since we do
not allow a zero in this positlon. In the third position we may
use any one of the 10 digits. 1In all, then, there are

26:9-10 = 26-90 = 2340 different license plates possible.

‘ Note that in the preceding eéxample we have used the multipli-
cation property for three successive operations. Indeed we often
use this type of thinking for a number of successive choices.

Exerclses 7-2d4

1.--A boy has seven shirts and four pairs of trousers. How many
different combinations of a shirt and a palr of trousers can
he choose9

2. A baseball team has five pitchers and three catchers. How
many batteries (consisting of a pitcher and a catcher) are
possible?

3. If the first two call letters of a television station must be
KT, how many calls of four different letters are possible?

b, A disc Jjockey has 50 records in his collectlon. He wants to
make a program of two different records. How many possible
programs are there? (Count different orderings of the same
records as different programs.)

5. A signalman has six flags. The emblems on the various flags ~
are: a stripe, a dot, a-triangle, a rectangle, a bar, and a’
circle. By showing two different flags, one after the other,

2 7 : X
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the signaiman can send a signal. How many different signals
are possible?

6. How many possible 1license plates. are there consisting of one
letter followed by 3 digits? (The first digit may not be
Z€ero. ‘Aslin the illustration above, repetition of digits is
allowed for the 2nd and 3rd digits.)

7. A set of fiyg flags has one of each of the colors red, green,
yellow, blue, .and white as a signal. Three flags are to be
hoisted, one above the other on the same mast. How many dif-
ferent signals are possible?

8. How many different lidense plates are possible using two
letters followed by two digits? The first diglit may not be
Zero.

9. How many license plates would be possible using 4 digits,
the first of which may not be zero? '

10. A student has 10 different books, 5 of which he wishes to
arrange between book-ends on his desk. How many different

arrangements are there?

A General Permutation Formula

Suppose we have a set of seven flags, each one a different
color. How many different signals may we form from 3 flags,
hoisted vertically on the same mast?

A signal thus means an arrangement of 3 of the 7 flags,
or, as we have sald, a permutation of 7 things arranged 3 at a
" time. We use the symbol Py 5s YOU recall. The first flag may be

E)
selected from any one of the .7 possi-

bilities. After it has been selected, »7
there remain 6 possibilities for the 6
second flag. After both these choices 5

have been made, there remain 5 ways.
of selecting the third flag. By the multiplication prOpefty, the

23
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total number of permutations 1s 7-6-5, or
| P73 = 7°6°5.

This way of thinking allows us to write a general formula for
the numbef of permutations»of n things taken r at a time.
There are . N  possible choices for the first selection, then since
there are (n-1) objects lert, there are (n-1) possible choices
for the second selection, '(n-2) for the third and so on. There
will be r stages in this procedure, one for each of the objects
being used in the permutation. Hence, there 111 be r factors in
the final product. Accordingly, -

Ph.p =n(n-1)(n-2) ... to 'r rfactors, where 1 < n.
t

As an illustration of. this, we see that.

7,5 = (8543, when n-7, r=5

5 factors

I
n
=
-
H

It
N

and P24’3 = g&;fz;gg, - when n

3 factors

Exerclses 7-2e

1. Write the product Ug-LUB-UT7-UE-U5- 4443 using the form P oo

3
2. (a) wWrite the number Pyp,3 1n factored form (but do not
3
multiply).

(b) Write the product of P 3 and 9! in expanded form
(but do not multiply). ’

(¢) Is P12’3-(9!)=P12’12? Why?

3. Express P12 3 a8 the quotient of two numbers, each of which
I
1s a factorial. Hint: See Problem 2(e).

4. (a) write the number P5y.y 1r product form (but do not
E)
multiply). :

(b) Write'the product of Poo.yp and 16! in product form
3
(but do not multiply). 29
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(¢) What convenient name do we have for the product in (b)?

5.. Express on y @as the quotient of two numbers, each of which
' is a factorial.

6. . Problems 2, 3, 4, and 5 suggest a way of expressing Pn r in
terms of factorials. Write Pn p 282 product as 1s done in
3
the paragraph preceding these exercilses.

(a) By what factorial must we multiply P, ,, to obtain (nt)?
ot

(b) Express P, » as the quotient of two numbers, each of
! 3

< which 1s a factorial.
7. A monkey sits at a typewrliter and types a "monkey-word" of
five letters by touching 5 different keys in Succession.

(a) How many possible "monkey-words" of five letters are
there?

(b) How many different "monkey-words" of 26 letters each
would be possible? (Leave your answer in product form. )

*(c) How many days would he need to type a complete list of
the 5-letter "monkey-words" if he typed a new word every
second? (Assume the monkey to be an ideal typlst who
makes no mistakes and takes no banana-break until the Job
is donet) '

8. A telephone dial has a finger hole for each of the ten digits.

(a) How many telephone numbers, each with five digits buﬁm
wlth no digit.repeated, are possible?

(b) How many telephone numbers, each with five digits, are
possible°

9. Five players on a football squad car. play either: left end or
right-end. The five players may be 1n the lineup in how many
different ways as left-end or right-end?

#10. Suppose we want to send messages 1n code. We use ceqtain
symbols, say n of them. (The symbols might be letters, or
flags, or sounds, or designs, or any other type of symbol. )

[sec. 7-2]
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Each message is compoéed of four different Symbols, arranged
in order. The number of possible messages which we may wish
to send is 1600. What is the smallest number that n can be
in order to meet the requirement?

7-3. Selections or Combinations

Whenever we have been using the word "permutation," we have
been concerned, not only with the elements, but also with the
arrangement or the ordering of the elements. At the very beginning
of this chapter, we discussed committees in a club. Tn a committec
such as we studied there, the members are not arranged in any par-
ticular manner. The choosing of a committee from a club 1is an
1llustration of a selection or combination.

.Definition. A selection of a certain set of n
obJects taken r- at a time is a set

et

of r members from the total set of
n obJjects with no regard to ordering
the chosen members,

Here,” n 1s a counting number and r is a whole number no
greater'than n. The number of selectidns of a set of n objects
-taken r at a time is often represented by the symbol (;). In
this unit you may read this symbol by saying: "the number of
Selections of n things taken r at a time," or, "the number of
combinations of .n things taken r at a time."

In terms of sets, we may say that (g) 1s "the number of
-r-subsets in an n-set." By an n-set we mean simply a set of n
elements. An r-subset 1s a set of r elements, each of which is
one of these n elements.

The entries in the Pascal triangle are values of (g). For
€xample, from the fifth row of the Pascal triangle we find, reading
from the left, that

(g) =1, ' (;) =5, (2) = 10, (g) = 10, and so on.

[seé. 7-31]
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You will want to note that the new symbol we have ‘introduced
can be easily distinguished from a fractional symbol, because the
new Symbol does not have a bar between the two numbers and the
parentheses are always written as part of the symbol.

gggg: Other common symbols for the number of selectlons

of “n. things taken r at a time are Cn,r and _C..

vou will want to be familiar with these symbols, although

(?) is to be preferred.

Exerclses T7-3%a

1. Write the special symbol for each of the following:
(a2) The number of selections of 12 objects taken 7 at a
time

(b) The number of permutations of 12 objects taken 7 at
a time |

(¢c) The number of combinations of m things taken 3 at a
time

(d) The number of selectlons of n+ 2 objects taken k at
a time '

2. wWrite in words the meaning of each of the following symbols:

€y: mgys 52t (D Pgps o

3. Use the Pascal triangle to find each of the following:

(@) (§) ana ()
(o) () ena (])
() (§) ana (D)
(@) (2) ana (3)

() (8) ana (&
2
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4. Suppose that a and b are two counting numbers and let §
be the sum a + b. What important relationship between (2)
and (g) 1s suggested by Problem 3? (Use some ideas in
Section 7-1 to convince yourself that this relationship is
true in every case.)

5. (a) Find each of the following:
4 6y 124
O )} (3)> (1547)-
(b) What general notlon do these examples iilustrate?

6. (a2) Find each of the following:
| Y 6 2L
(3)s () (), (%57).
(b) What general notion do these examples i1llustrate?

7. 8Show that if n 1is a counting number different from one, then

.(g) - ngn-l! .

2

Suppqse that a club of seven members picks three officers.
With the aid of the Pascal triangle, we learned that the number of
possible selections of an executive committee is 35, This
number 35 ‘we may now call (;). Our study of permutations tells
us that the three offices may be matched with the three officers in
P3:3 =31 ways. We may apply the Multiplication Property and see
that the numbgr of possible officer assignments is (;).P3:3' The
first event 1s the selection of a group of 3 from 7 members.
The second event is the arrangement of these 3 1in the offices.

On the other hand, we may apply the Multiplication Property to
find that the number of choices of three memberé, arranged by-
office, from the club of seven members is 7:6°5, namely 210.

This number, 210, is P7, .

Both viewpolnts yield the same count. Each expression repre-

sents the total number of possible officer assignments. Therefore,

33
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= P or

Ty.
(3)P5 5 = Py 5
Tyozt —
(3):3! = By 5

This last equation gives us a way to calculate (;), the num-
ber of selections of 7 different things taken 3 at a time. For
we can see from the preceding equation that

(7) = P7:2
3 31
The same fype of argument shows that for two counting numbers
n and r, with r < n, we can write =

(g)'Pr,r = Pnr
(?)-(r!) =Pnp

" n
In words, this expression. Pn,r = (r)'Pr,r simply states that

the number of the number of the number of
permutations of selections of n permutations of
n different = different things . r different
things arranged taken r at a things arranged
r at a time time r at a time

From this general equation we see that

(n) Pn,r
r r!
-and since
P =n(n-1) ... (to r factors)

we obtain the formula

M) = n(n-1)(n-2) ... (to r factors)
r r!

In this fraction, the number of factors in the numerator is I,
the same as the number of factors in the denominator. For example,

when n =11 and r =5 we have

(11y _ 11:10-9-8-7
5 5.4.3.2.1

[sec. 7-3]
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Notlce that thefe are’ r, five, factors in both numerator and
denominator. The first factor in the numerator is n, eleven; the
first factor in the denominator is r, five,

Exercises 7-3b

Ten men are qualified to run a machine that requires three
opefators at a time. How many different crews of three are
possible?

A disc Jockey had a set of 15 records. Each night he
Selects 5. records to make a program. How many nights can he
do this without repeating an entire program? ' Disregard the
order in which the individual records occur within a program.
(You do not need to perforh any multiplications, ~but may leave
your answer in whatever symbols you think are convenient. )

Eight points are given in space, and no four of them lie in
the same plane. (Remember that any three of them determine a
plane.) How many different planes are determined by the eight
points? -

On a certaln railway there are 12 stations. How many dif-
ferent kinds of tickets should be printed to provide tickets
between any two stations:

(2) 1In case the same ticket is good in either direction?
(b) 1In case different tickets are needed for each direction?

A restaurant has prepared 4 kinds of meat, 3 kinds of
salad, and 5 kinds of vegetables. A platter consists of a
meat, a salad, and a vegetable. How many different kinds of
platters are possible?

A girl has four skirts, six blouses, and three pairs of shoes.
How many weeks can pass while she wears a different costume

every day?

39
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7. In a game of bridge, a hand consists of 13 cards from the
playing deck of 52 cards. The number of possible bridge
hands is 635,013,559,600. Write this number, using a special
symbol you have studied in this unit.

8. A salesman has customers in eight cities away from his home.
He wishes to plan a travel route which will take him to each
of the elght cities in turn and afterwards back to his home.
How many possible routes are there?

*9, There are elght teams in a baseball league. During the season
each team played every other team five times. How many games
are played 1in the league altogether during one season?

#10. Either one bulb or two bulbs of a string of eignht Christmas
" tree lights wired in series are burned out. Suppose you have
two good bulbs and suppose you try, first one at a time, then
two at a time, to locate the burned out bulb (or bulbs). How
many trials might 1t be necessary for you to make 1n order to
find the bulb (or bulbs) that need replacement°

#11. A man has six bills, one each of the amounts of $1, $5, $10,
$20, $50, $100. How many different sums of money may be
formed by using one or more of these six bills together?

7-4%. Review of Permutations and Selections .

In this chapter we have studied ways of counting all possible
arrangements, or permutations, of a set of elements and of counting
" all possible subsets of a given size. We have called one such sub-
set a selection, or combination. It 1s important that you keep 1n
mind the terms, permutations and selectlons, and that you under-
stand the principles on which the counting methods are based. It
.18 not so important at this level of your study of mathematics that
you remember particular formulas.
In the exercises of this section the basic ldeas associated
wilth permutations and selections'méy be applied.

[sec. T-4]
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Exercises 7-4

How many "donkey" words of six letters each can be formed from
the letters of the word THEORY? ("Donkey" words need not
make sense, )

A girl bought two new skirts and three new sweaters. How many

~ different outfits consisting of a new skirt and a new sweater

can she wear?

Ten years after graduation a class held a reunion to which 096
bersons came. If each person shook hands with everyone
present, how many handshakes were there9

A certain make of automobile has 3 Dbody types, 7 choices
of upholstery, and 5 color schemes. In order to show all
possible cars at an exhibit, how many cars are necessary?

Filve Indians walked one behind the other in the woods. Into
how many different orders could they place themselves?

From 14 men how many different committees of 5 can be
formed?

A troop of Sea Scouts has 8 different flags How many dif-
ferent signals can they send by flying 3 flags at a time on
a pole? :

The call letters of a certain broadcasting station begin with

W. How many different call letters using only 3 1letters can
be used? Repetition of a letter is allowed.

How many automobile license plates bearing just 5 digits can
be made 1f O 18 not permitted as the first digit?

A housewife wishes to arrange 5 books on her desk. She has
8 books from which to choose. The 8 books have different
colored covers and are of different size. Does she have a
problem involving permutations or selections? What is the
number of different patterns that she can look at?
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11.

12.

A housewife wishes to read 5 books in the next two weeks.
There are 8 books from which to choose. Does she have a
problgm involving permutations or selections? How many dif-
ferent sets of five books may she choose to read?

Three points determine a plane and 2 points determine a
line. From five points no four of which are in the same plane
and no three of which are on the same line,

(a) How many planes will be determined?

(b) How many lines will be determined?

338
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Chapter 8
PROBABILITY

8-1. Chance Events ,

This chapter will be concerned with chance events. For ex-
ample, a weatherman makes a forecast of the future weather., His
forecast, "Rain," is more accurately a probability statement, "It
will probably rain." Similarly, you may predict that "The Green
Shirts will win the pennant," but what you mean to say 1s "1t
1s likely that the Green Shirts will win the pennant ."

Pfobability has many practical uses. For example, federal
and state governments use probablilty in setting up budget require-
ments; military experts use 1t 1in making decisions on defense
tactics; Sclentists use it in research and study; englneers use
~probability in designing and manufacturing reliable machilnes,
planes and satellites; bilg business companies use it in mathemati-
cal studles to help make difficult declsions; insurance companies
use 1t 1n setting up 1ife expectancy tables.

Some examples of games of chance will be used to help you
understand what pProbability means and how it may be used. Such
games give us excellent mathematical models for use in studying
probabllity. The exXamples are not used with the idea that gambling
1s to be encouraged. Rather, the information in this chapter
should help you begin to understand why "most gamblers die broke."

In Section 1 we shall study'some ldeas about statements involv-
ing chance events, like "The Brown Sox will win," or "Sandlot will
win the race,"” or "If I toss a coin and allow it to fall freely, it
will show heads." We will concern ourselves with a' "measure of
chance" that an event will happen. This measure of chance is also
called the probability that the event will occur., At first we will
use a mathematical model where we can count the possible outcomes.
The game of tossing a coin can be used as a model. If we toss a
coin and allow it to fall freely, either a head will show or a
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tail will show. We assume the coin 18 perfectly balanced and that
neither side is weighted in any way. Such a perfectly balanced
coin is sometimes called an "honest coin."

Consider the question, "What is ; measure of chance that if we
toss a coin and allow it to fall freely a head will show?"

In probability it is useful to use a number to indicate the
measure of chance that an event will happen. If we toss a coln we
consider two possible outcomes: (1) a head will show or (2) a tail
will show. That the coin will show a head is one favorable out-
come out of two possible outcomes. We say the measure of chance
that the coin will show a head is %.

If an event is governed by chance, then it has a certain prob-
ability of happéning. If we use the letter "A" to represent the
event that the coin will show a head, then we can call %- the
probability of the event A. This is the same as saying that the
measure of chance that the event will occur is B We can rep-
resent the probability of the event A as

P(A) = %

If we use the letter "B" to represent the event that the coin
will show a tall, we are concerned with the probability of B. We
can represent this with the symbol P(B). Thus,

P(B) = %
It is important that you understand that in the above case
"P(A) = P(B). .That 1is, each event is equally likely to occur.
Any two statements which predict events that are equally likely
have the same probabllity.

Suppose you have tossed an honest coin five times and it show:
a head each time. What 1s the probability that the coin will show
a tail on the next toss? Some people believe that the odds will
change, that the "forces of luck" will act to force the coin to
show a tail until a balance is restored between the showing of
heads and tails. Not so! The probability that the coin will
show heads remains % for each toss. In probability we do not
say that if the coin shows a head >n the first toss 1t must show
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a tail on the second toss.

Suppdge you use two pennies., What is the measure of chance
that if two coins are tossed, one head and one tail willl show?
That is, what is the probability that the event of one head and
one tail showing will occur? The table below shows that there
are four possible outcomes:

Possible Outcomes

First Coin Second Coin
Head Head
Head Tail
Tail Head
Ta1l Tail

There are two outcomes showing one head and one tail. Two out-
comes out of four posslble outcomes are favorable. The probability
that the.event will occur is %- or %. If we use the letter

"E" to represent the event, we may write

, 1
P(E) = e
‘What 1s the probability that exactly two heads will show 1if
two coins are tossed? It does not make any difference whether
the colns are tossed at the same time or one following the other.
Of the four outcomes, how many ways are there for this event to

occur? If we use the letter "G" to represent the event that
two heads show, we may write the probability of the event G as

1
P(G) = T
Note that in thils example, events E and G are not equally

likely. Their probabilities are different,
We may write the formula:

P(E) = i;"

t=

" where P(E) 1s the probability that an event will occur,
t 1s the number of possible outcomes in which E occurs, 8 1is

the total number of possible outcomes. If r 1is the number

[sec. 8-1]
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. of possible outcomes in which E does not occur, then we may say
;P(not E) ='§-.
Since'eithér. E occurs or E does not occur, t‘+ r = s, and
 P(E)+ Plnot E) =E4L-Etr_s_ g

On the assumption that an event E either occurs or does not
occur, then
P(E) + P(not E) = 1.
If an event K 1is certain to happen, P(K) = 1.
If an event L cannot occur, P(L) = 0.
Thus, we conclude that for any‘event"M

0 < P(M) < 1.

This number sentence is read "P(M) is greater than or equal to
zero and less than or equal to 1."
Why is P(M) never greater than 1°

Exercises 8-la

1. Two black marbles and one whlite marble are in a box. With-

out looking inside the box, you are to take out one marble.
Find the rrobability of the event that when, without looking,
one marble 1s taken out of the box, the marble will be black.

.2. Using the data in Problem 1, find P for the event that if
one marble is taken out of the box, it will be white.

3. Suppose you hazve tossed an honest coin nine times and it

has shown a head each time.
(a) Consider the above as one event. Is this event likely

. to occur? Explaln your answer.
(b} What is the probability that the coin will show a taill

on the tenth toss?
(¢) Does the outcome of the first 9 tosses have any
effect on the outcome of the tenth toss?

4 -24'}~

1
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There are 25 students in a class, of whom. 10 are girls and
15 are boys. The.teacher has written the name of each pupil
on a. separate card. If a card is drawn at random, what is
the probability that the name written on the card is:

(a) the name of a boy? :

(b) your name (assuming you are in the class)?

Suppose a box contains 48 marbles. Eight of the marbles
are black and forty of the marbles are white. Find P for
the event that if a marble is picked at random (without look-
ing in the box), it will be white.

Using the data for Problem 5,‘consider the event: "If, with-
out looking, nine marbles are taken out of the box, all of
the marbles will be black." i

(a) Is the outcome in this case possible?” -

(b) What measure of chance can we as%ign to such an outcome?

From a large amount of evidence, we know that boys and girls

are born in about equal frequencies. On the average, half

of -all bables born are boys, and half are girls. In a given

birth, then, the probability of a baby being a boy is % .

Likewlse the probablility of its belng a girl 1s %,, since

no other outcomes are possible. (We exclude for the moment

the possibilities of twins, triplets and other multiple

births.) Then, P(boy) = % and P(girl) = %-. Let us assume

that these measures of chance hold for any particular family

as well as in general. ' _

(a) -Mr. and Mrs. Jones already have one bdy when the second

baby arrives. What is ‘the probabllity of its being a
.boy? A girl? (It is important to remember that each
birth is an independent event, and not influenced by
previous blrths. We agree that the fact that the
Joneses already had a boy does not affect the probabil-

1ty of the second baby being a boy or a.girl.)

43
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10.

11.

(b) Mr. and Mrs. Richards have eight children, all girls,
when the ninth baby arrives.  What 1s the probability
of 1ts not being a girl?

In a newspaper you read: "He has a 50-50 chance of winning
the election."
(2) What is the probability that he will win?
(b) Suppose a measure of chance is less than %u What
does thls mean in terms of the outcome of an event?
Is the outcome very likely or not very likely to occur?

If a whole number from 1 to 30 (including 1 and 30) is

Sselected, what 1s the probability that the number will be a
prime number? Assume that the selection is made so that one

‘ number 1s just as likely to be chosen as any other,

Three hats are in a dark closet. Two belong to Mr. Smith
and the other to his friend. Being a polite person, when
his friend is ready to leave with him, Mr. Smith reaches in
the closet and draws any two hats. What i1s the probability
that he will pick two wanted hats, his friend's hat and one
of his own hats? '

Suppose you have five cards, the ten, jack, queen, king, and
the ace of hearts.

(2) What is the chance that the first card you draw 1s the
ace?
(b) Assume that you draw the jack on the first draw, and

put it aside. What 1s the chance that the second
card you draw 1s the ace?

(c) Are your answers for (a) and (b) the same? Why?

(d) After drawing the Jack, and putting it aside, assume
that the second card you draw-1is the ten. Put that
aside also. What 1is the chance that the third card

you draw 1s the ace?
(e) What 18 true of the measure of chance of the drawings
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In some of the problems you determined the measure of chance,
which we call probability, by listing all possible outcomes. This
is easy when there are only one or two coins, but as the number of
coins increases, it is difficult to remember all the possibilities,
Iet us see 1if-we can discover an, easy, accurate way to make these
listings, “ ' o

The tabIé for two coins shows this pattern:

Possible Outcomes

First Coin Second Coin
H H
H T
T .~ H
T T

("H" represents heads and "T" represents tails.)

Note that the first column is grouped by twos;. H, H, T, T. The
second column 1s grouped alternately; H, Ty~H,  T. Compare the
pattern in the table for two coins with the paﬁtern in the table
for three coins shown below:

Possible Outcomes

.Firét Coin Second Coin Third Coin
H H H
H A H . T
E T H
“ H T T
T H H
T H T
T T H
T T T
[sec. 8-1]
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Note how each column is grouped: the first by fours; the second
by twos; the third alternately, H and T.- This 1is one systematic
way in which the number of possible outcomes might be listed in
order to count the possibilities. K

How many possibilities are there for one coin? VYou know that
there are only two, H or T. What did you find for the
possibilities when two coins are tossed? There were twice as
many possibilities because for each possibility’for one coin
there were two possibilities for the second coin. This is
pictured in the following diagram.

One Coln Second Coin

If a third coin is added should the number of possibilities be
doubled again? The followlng dilagram may help you decide.

Two Colns - Third Coin
H
(H, H)<_/' -
\’T —

H
(T, H)<: ,
T
' H
(T, T)<
: T

For each possible arrangement for two coins, there are two possi-
bilities for the third coin. Thus, the number of possibilities

[sec. 8-1]
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for three coins is equal to 2 X (the number of.-possibilities for

2 coins). In general you should now understand that each time one
more coln 1s used the number of possibilities is then doubled. How
many possibllifies would there be 1f four coins were used? Recall
that there were eight possibilities with 3 coins.,

In summary:
Number of coins Total number of possibilities
1 2
2 - 2.2 = 22 = 4
3 2.2.2 = 25 = 8
il
L 2:2¢2+2 = 2 = 16
' . "10 )
10 202020202¢202e2022 = 2 = 1024
) 5 )
n 2220, .02 = 2

(Notice that each entry in the right column 1s twice that above it.)

We can express this result as a formula::

T =20

T. 1s the total number of possibilities,

2 1s the number of possibilities for one coin,
- n 1s the number of colns.

. *Some of you may want to try to Justify the general formula
of this type:

n
> ) T=s

T 1s the total number of possibilities,
s 1s the number of possibilities for one object,
n 1s the total number of objects used.

[sec. 8-1]
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If the possibilities of an object are A, B, and C, what would
be the number of possibilities for two of these objects?

T = g"
T = 32

There are nine possibllities for two objects, each having
three possibilities. ‘ |

In making tables, as in the cases of tossing two or three
colns, all possible outcomes of events were listed. The probabil-
ity 1s based on the outcomes listed in the table. In the tables
discussed we assume that each separate possibllity, or outcome,
has the same chance of occurring. We say that each outcome 1s
"equally 1ikely". to occur.

In thls sectlion we have been+cenc¢érned with some simple
events governed by chance. We assigned measures of chance,
which we called probabilities, for the outcomes of these events.
The numbers we used to represent "P" were numbers like one-half,
two-thirds, one-fourth, and so on. If we actually toss an
honest penny once, we cannot predict whether it will show a head
vor a tall. But if we toss an honest penny a mlllion times, then
it 1s almost certain that the number of heads will be between
"490,000 and 510,000. The fatio of heads shown to the number
of talls shown almost certainly will be between T%% and Tg%'
We cannot 1in thils chapter study all the mathematics that .1s
required as a basls for such conclusions.

It should be kept in mind that probabllity 1s not the
tossing of coins or drawing of cards. Probabllity 1s a part of
mathematics which has been found gxceedingly useful in describ-
ing chance aspects of games, selections, sclence, buslness, and
activities of government whilch are not completely predictable.
In this chapter we will study some of the more elementary 1ldeas
of this mathematical theory.

48 N
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Exercises 8-1b

L T e N S R e e

1. If three honest coins are tossed, what 1s the probability
that three heads will show? Refer to the table in the Previous
section showing 8 possibilities for 3 coins.

2. If three honest coins are tossed, what 1s the probability
that two heads and one tail will show?

3. Without listing them, determine the number of possible
outcomes 1in tossing filve coins

4., There are 35 bricks, of which five are gold. What 1is the
chance that 1if you pick a brick at random you will plck a
gold one? ("At random" in this case means "without looking
and without 1lifting.")

5. (a) If one penny is tossed, what 1s the chance that a head
will show?

(b} How many heads might you reasonably expect to get if
the penny 1s tossed 50 times?

A 6. A bowl cqntains five white marbles, three black marbles and

two red marbles.
(a) What is the chance that you will pick a white marble in
one draw?

(b) Assuming you pick a white marble the first time and
do not replace 1t, what 1s the chance that you will
plck a black marble the second time?

(c) Assuming you pick a white marble the first time and a
black marble the second time and do not replace them,
what 1s the chance that you will pick a red marble
the third time?

7. The letters A, B, C, D, E, and F are printed on the faces

of a cube (one on each face).
(a) If one cube is rolled, how many possible outcomes are
there? We willl consider the side facing up as the

outcome in this case.
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(b) If two cubes ave rolled at the same time, how many
outcomes are there?

(¢) What 1is the chance that B will show if one cube is
rolled?

(d) What is the chance that two E's will show if two cubes
are rolled at the same time?

8. A regular tetrahedron is a solid having four faces. The
letters A, B, C, and D are printed on the faces.

(a) If a regular tetrahedron is rolled (or toéséd in the
air and allowed to fall freely), how many Bossible
ways are there for it to stop (or fall)? Note that
in this case we wlll consider the side on which the
object rests as showing the outcome. That is, the
face that is the base may be marked A, B, C, or D.

(b) Find the measure of chance for the following statement:
"If the tetrahedron. is rolled it will stop on side A."

(c) How many possible outcomes are there if two such tetra-
hedrons are rolled?

.- (d) How many possible outcomes are there if three such
tetrahedrons are rolled? '

+ 9. Notice the pattern that is involved in a count of the number
of outcomes in tossing coins. H 1s a head; T i1s a tail;
(H,T) is a head and a tail in either order.

1 coin 1(H) 1(T)
2 coins 1(H,H) 2(H,T) 1(T,T)
3 coins 1(H,H,H) 3(4,T,T) 3(T,H,H) i(T,T,T)

Add a fourth and fifth 1ine in this table.
Why does this remind you of Pascal's triangle?

10. Use Prqblém 9 to find the probabllity of getting two heads
and two tailils if four coins. are tossed.

50
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1l1. Give the ﬁrobabilities of each of the six possible outcomes
when five coins are tossed. Is their sum one?

12. If five coins are tossed, what combinations of heads and
tails are most likely to occur? Why? Hint: See Problem 9.

*¥13. When six -coins are tossed, what is the chance that one and
only one will show heads?

8-2. Empirical Probability

Among the most important applications of probability are those
in situations where we cannot 1ist all possible outcomes. For
‘example, the table shows a sﬁéll number.of weather forecasts, only
those from April 1 to April 10. The actual weather on these dates
1s also given.

"Yes" indicates the forecasted
event did occur, "No" that it

Date Forecasts Actual weather did not.
l. Rain Rain Yes
2. Light showers Sunny } - o No..
3. Cloudy Cloudy | . Yes
4, clear Clear . “ Yes
5. Scattered Warm and sunny No
showers‘ . '
6. Scattered Scattered Yes
: Showers showers
7. Windy and Overcast and Yes
cloudy windy
8. Thunder- Thundershowers ' Yes
showers
9. Clear Cloudy and rain No
10. Clear Clear Yes

51
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Observe that forecasts 1, 3, 4, 6, 7, 8 and 10 were correct.
We-have observed ten outcomes. The event of a correct forecast
has occurred seven times. Based on thils information we might say
the probabllity that future forecasts will be true 1is f%. This
number 1s the best estimate that we can make from the given
information. 1In this case, since we have observed such a small
number of outcomes, 1t would not be correct to say that our
estimate of P 1is dependable. A great many more cases should be
‘used if we expect to make a good estimate of the probabillity that
a weather forecast will be accurate. You will understand, of

. course, that there are a great many other factors which affect
the accuracy of a weather forecast. The example here merely
indicates something about how successful a particular weather
office has been in making weather forecasts--in this case, only
for a small number of days. .

On September 15, a maJor league player A had a batting
average for the season of 0.387 and player B had a season
average of 0.208. Based on these averages, we would expect that
there is a better chance that A would make a hit the next time
he 1s at bat, than that B would make a hit. We might even say
that a measure of the chance (probability) that A would make‘a
hit 1s 0.387 and that a measure of the chance that B would
make a hit is 0.208.

A physiclst cannot trace the motion of a single molecule of
oxygen in a room, but he can estimate the probability that an
- oxygen molécule willl hit one of the walls in a room in the next
second. To draw such a conciusion requires an understanding of
much more mathematicé thaﬁ.we can s@yd& in this chapter.

In modern industry probabilitjfnow plays an lmportant role
in many activities. Quality control and the rellabllity of a
manuféctured article have becorwe extremely important considera-
tions in which probability is used. Questions of reliability
can become very complex. A basic idea related to reliabllity,
however, can be illustrated as follows. Many thousands of articles
of a certaln type are manufactured. The company selects 100 of
these articles at random and subJects them to very careful tests,
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In these tests 1t is found that 98 of the articles meet all
measurement requlrements and perform satisfactorlily, This
suggests that T%g is a megsure of the reliabllity of the article.
One might expect that about 98% of all of the articles manu-
factured by this process will be satisfactory. The probability

or a measure of chance that an article made by this process will
be satisfactory might be said to be 0.08.

All of these examples of empirical probability are different
from examples and problems in Section 8-1 in one very important
respect, In Section 8-1 we could 1list and count all possibilities
except in Problem 7 of 8-la. 1In this section, we cannot or it is
not practical to try to do so. We draw conclusions in the first
sectlion from counting what might be called the total collection of
all pOSSibilities. In this section we draw conclusions about what
may happen in the future from information we have about a sample.
The selectlon of a sample and the size of a sample that should be
used are problems of statistics. In this kind of application the
selection of a sample is very important, Mathematical theofiesbof
sampling are too advgnced for our consideration here.

In the problems of this section you are asked to find
measures of chance or probabilities from observed data, In-
each case the observed data may be said to be a sample of a
total population, or a sample of possible outcomes,

Exerclses 8-2

1., A teacher has taught eighth grade mathematics to 1600 students
during the past 10 years. In this period he has given A's
to 152 students. ‘

(2) Based on these data what 1s a measure of chance that
a student selected at random will receive an A in
this teacher's class?
(b) If this teacher will teach 2000 students in grade 8
mathematics during the next twelve years, how many A's
- might you expect the teacher to glve?

[sec. 8-2]

531



326

2. The batting average of a baseball player is 0.333. Using this
information as a measure of chance, what 1s the probability
that this man will make a hit the next time he 1s at bat?

3, The record of a weather station shows that in the past 120
days 1its weather predictlion has been éorrect 89 times., Use
this information to state the probabllity that its prediction
for tomorrow wlll be correct.

4L, A manﬁfacturer of pencil sharpeners tests carefully a sample
of 500 sharpeners to see if a pencil of a certain type can

 be sharpened without breaking the point, In the test 489
of the tested sharpeners worked satlsfactorily. There were
20,000. sharpeners in this job lot.

(a) wWnhat is the-probability that a sharpener selected at
random from the remaining 19,500 sharpeners will
perform satlsfactorily?

(b) If your school buys Uu40 of these sharpeners, are all
of the sharpeners likely to be satisfactory?

5. Car insurance rates are usually higher for male drivers under
the age of 25, Explain how by collecting data on accidents,
insurance companies have found 1t advisable to charge a higher
rate for young male drivers.

6., Life insurance and life annuity rates are based on tables of
mortality. A table of mortallty includes statistical data .
presumably giving data on 100,000 people who were alive at
age 10, The followlng are ten lines from _the Actuaries Table
of Mortality. '

Number.dying Number dy-
during next ing during
Asg Number living year Age Number living next year
10 100,000 676 40 78,653 518
12 98,650 672 So 69,517 1,108
13 97,978 671 60 55,973 1,698
14 97,307 671 70 35,837 2,327
21 92,588 683 99 1 1
[sec. 8-2]
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According to the table, 676 of the 100,000 will not be
alive at age 11. 97,978 of the original 100,000 are
alive at'age 13, but 671 .of these persons, according to
_the table, die within one year.

(a) How many are alive at the age of 507
(b) How many are alive at the age of 1007

(c) Would improved knowledge of health and medicine tend
to make a table of mortality out-of-date? Why?

In Problems 7 through 10, use the Actuaries Table of Mortality
glven in Problem 6. Find answers correct to the nearest 0.01.

’7. (a) What is the probability that a person who 1s 13 years
of age will be alive at the age of 21? : ‘
2,588

. -9
Hint: | P W.
(b) What is the probability that a person who is 13 years
of age will be alive at the age of 707

8. (2) What year was 90 years ago?

. (b) Do you think a table of mortality would be very useful
if it actually were ceonstructed by selecting 100,000
people at age 10 and keeping data on them for 90
years? '

*(¢c) By what method other than that suggested in (b) might
" such a table be constructed?

9. (a) wWhat 1is the probability that a boy who is 10 years
of age will live to the age of 99?

. (b) What is the probability that a man who is 40 years
of age will 1ive to the age of 507

10. One kind of life insurance policy guarantees to pay §1000
to a man's wife if he dies within a certain ten-year period.
Would such a policy be more expensive for a man aged MO; 50,
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11. Consider the following .events:
Event A. It rains on Friday, the 13th.
" Bvent B. The sun shines all day on Friday, the 13th.

The followlng table shows the weather on twenty Friday,
the 13ths. Using the information listed in the table, find P
for the events A and B. Based on the information in the
table, which is more likely to occur over a great number of
Friday, the 13ths, A or B ? Note that it is possible that
neither event occurs. '

Weather on Twenty Friday, the 13ths

1. Heavy rain 11. Cloudy, no rain

2. Light rain 12, Partly cloudy

3. Sunny ‘ 13. Cloudy with some showers
4,  Sunny 14, Showers

5. Sunny 15. Sunny

6. Scattered showers 16. Sunny

T Showers 17. Hot and sunny

8. Sunny . 18. Sﬁﬁﬁ&“

9. Sunny ) 19. Cloudy and some showers
10. Sunny 20. Sunny |

8-3. Probability of A or B

In mathematics we are always looking for general principles
which deseribe a certain situation. In this sectlon and the next
we will identify two of the most important general principles of

ppobability. o
56
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Consider the following problem.

A dial and a pointer 1ike the:zene
1llustrated will be used for the prob-
lem. The pointer spins and we can tell
whether it stops at 1, 2, 3, 4, or 5. 4 >
What is the probability that the
pointer will stop at an even
number?

3

In the figure the pointer is at 3. ‘We shall say the pointer
is at 3 1if it stops between the marks on eilther side of 3. 1In
_order to have each spin of the pointer count we shail say the point-
~er 1s at 3 1if it stops on the mark separating 3 and 4. Sim-
ilarly,if it stops on the mark separating 5 and 1 we shall say
it is at 5.

There are five possible outcomes The pointer can stop at
1, 2, 3, 4, or 5. The event, the pointer stops at an even number,
occurs if the polnter stops at 2 or 4 that i1s--the event occurs
in two out of five possible outcomes. Thus the probability of the
hand stopping)at an even number is gu

5
The event that the polnter stops at an even number is actu-
ally a combination of two other events. ILet A be the event
of the pointer stopping at 2, and B be the event of the pointep
stopping at 4. If we use the symbol "A or B" to stand for
the event® either A or B occurs, then "A or B" is the event
of the pointer stopping at an even number. We have found that

P(A or B) = %

Could we find this probability by considering events A and
B separately? We know that

(2]
’

P(A)

5
3

and P(B)

[}
UyH L?H

5

<

Ton
-
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If we add % and %3 the result is %. How can we obtain

P(A or B) from P(A) and P(B)?

In this example P(A or B) = P(A) + P(B).

Our intultlon certalnly tells us that the probabllity that
the polnters will stopat 2 or at 4 1s gfeater than the
probablility that the pointer willl stop at 2 and greater than
the probability that the pointer will stop at 4. Many times
(as in the above case) we can add probabilities of individual
events to find the probabiiity of another event. Notilce that
in the case above, the polnter could not stop at 2 and 4
at the same time. (as a result of one spin). For one spin it
had to stop at one or the other. Events A and B could not

both occur at once. This 1s one of the conditions that must be
met before we can add probabllities. Two events which cannot occur
at once are called mutually exclusive events.

Let us consider another example.

The seven numbers are
equally spaced.

The pointer spins freely. What 1s the probabllity that it
will stop at an even number?

There are 7 possible outcomes. Three of the 7 are favorable
outcomes. We shall call these favorable outcomes évents A, B,
and C: A, the pointer stops at 2; B, it stops at 4; C, it stops
at 6. The event whose probablllty we seek 1s A or B or OC.
Events A, B, and C are mutually exclusive, since the hand can
stop at.qnly one of the numbers as a result of one spin.
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[
Therefore,
P(A or Bor C) = P(A) + P(B) + P(C)._

P(A) =%— why? Also P(B) ='97 and - P(C) = -%—
P(A or Bor C) =%‘-+%+%@=%.

Note that we draw the conclusions, P(A or B) = P(A) + P(B)
and P(A or B or C) = P(A) + P(B) + P(C), each from a single
example., You could check these conclusions by solving some of
the problems in Exercises 8-3 by both .of the methods considered
in the example at the beginning of this section.

, . Exercises 8-3
l. On the dial, the numbers , .
are equally spaced around
the dial.

What 1s the probability that the spinning pointer will stop
at an odd number?

2. (2) What 1s the probability of obtaininga 6 ora 1 on
one roll 9f a cube with faces numbered 1 through 6%

(b) What is the probability of not getting.a 6 or a ﬁi
on one roll of a cube with faces numbered 1 through 6?

3. (a) What is the sum of the probabilities in Problem 2(a)
and (b)? Can you interpret this as the probability
of an event that 1s certain to happen?

(b) cCould you use the probabllity which you have obtained
in Problem 2(a) to solve Problem 2(b)?

4L, In a bag there are eight white marbles and two red marbles.
If a marble 1s selected at random, what is the probability

[sec. 8-3]

. 59



332

. of not selecting a red marble in one draw?

Iet A be any event. Let B be the event "A doeg not occur.”

Write an equation which relates P(A) and P(B).
y . .
In a bag there are four red, three white, and two blue marbles.

If'éAmarble-is selected at random,

(a) What 1s the probability of getting a red marble?

. (b) wWhat is the probability of getting a white marble?

(¢) What is the probability of getting a red or a white
marble?

In a neighborhood pet show there are ten dogs, eight cats,
three canaries, and six rabbits.v A speclal prize will be

glven to an owner of a pet by drawing one name of an owner
from the set of entry blanks.

(a) What is the probability that the cwner of a dog or a cat
wlll get this prize?

(b} What is the probability that the owner c¢f a four-legged
ret will not get this prize?

Mutvally exclusive events are events which cannot happen

at the same time. If one event happens, the other cannot.
With this in mind, which of the following events are mutually
exclusive:

(a) The event of throwing a head or a tail on a single toss

cf a coiln.

(b) The event of your solving exactly six problems on a test
or your solving eight problems on the test.

(¢) The event ot rolling an odd number or of rolling a 3
cn a die.

(d) The event of rolling a € or a 3 on a cube with
faces numbered 1 to 6.

(e) The event of driving the car or golng to the store..
60
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(f) The event of going upstairs or going downstairs.

(8) The event of drawing an ace or a Jack from a deck of
cards on a single draw.

(h) The event of running or sitting.

(1) The event of talking to your teacher or of talking to
- your mother, 1f you talk only to one person.

(J) The event of stalling the car or of starting the car.

9. The dial is divided so that one-

half of the circle 1s allowed /4
for 2; 1, 3, and 4 are equally
spaced.

What 1s the probability that the spinning pointer will stop
at an even number?

10. 1In a bag there are four red cards and five black cards'

(a) How many different pairs of cards are there in the bag°
Hint: (3).

(b) How many different pairs of red cards are there in the
bag?

(¢) How many different pairs of black cards are there in
the bag?

(d) How many different pairs are there in the bag consisting
of a red card and a black card?

(e) How does the sum of the numbers of pairs in (b), (c)
and (d), compare with the number of pairs in (a)?

11. Find the probability of the following drawings of cards-
from the bag in Problem 10,

(2) A pair in which both cards are the same color.

(b) A pair consisting of a'red and a black card.
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12, Call C the event of getting a head on at least one of the
coins when two coins are tossed. Call A the event that a
head wlill show on the first coin and B the event that a
head wlll show on the second coin. Then

P(A) = 4 and P(B) = %.

() why is P(C) = 22
(b) Can event A and event B happen at the same time?
(¢) In this problem why is it true that |

P(A) + P(B) # P(C)?.

8-4. Probability of A and B

In Section 8-3 we found the probability that either event
A or event B occurs, If it is impossible for A and B to
happen at the same time (A and B are mubtually exclusive events)
the probability of A or B 1is the sum of the probability of
A and the probability of B. In symbols, we write

P(A or B) = P(A) + P(B).

We now want to find the probability that both of two events
will occur. What is the probabllity that if two coins are tossed
both will show heads? The possible outcomes are: (H,H), (H,T),
(T,H), and (T,T). Hence, the probability that both coins will
be heads 1is %; If we call event A the event that one coin
shows heads, and B the event that the other coln shows heads,
then

P(A) = 4 and P(B) = 3.

P(A and B) = §. Note that & = (%) ° (%).
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A and B 1s the event that both coins show heads. For this ex-
ample, we see that P(A and B) = P(A).P(B). It should be observed
that events A and B are independent events. Whether one coin
shows.heads or talls has no effect whatsoever on the other coin,
Consider the tossing of a coin and the spinning of a pointer
on a dial with 1, 2, 3 and 4, equally spaced. If the coln is
'tossed, no matter what side of the coin appears up, this outcome
has no effect upon.the outcome of the spinning pointer. This is
another example of independent events. If we let A be the event '
that a head will show when the coin is tossed and B be the event
that the pointer stops at 4, then A and B are independent
events. :
If we wish to find the probability of a head appearing and
the pointer stopping at 4 we are looking for the probabllity
that two events will occur. If we let "A and B" stand for the
event "both A and B occur" then we are looking for P(A and B).
By listing all possibilities we obtain the following:

H,1 H,4 T,3
H,2 T,1 T,4
H,3 T,2

H,1 means that coin will show heads and the pointer will stop

at one, .
The desired event i1s H,4 which is one of elght possible outcomes.

Thus
P(A and B) = § .

We can also solve the problem by finding P(A) and P(B).
' 1 1 :
P(A) = 5> P(B) = 7

Notice that % X %-= %, which 1s the probability that we found for
event (A and B). '
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Another way to think of this as a product is to notice that out
of the favorable outcomes for A only one of the possible ocutcomes
for B (or T of the possible outcomes for B) ls favorable.

Hence, the probability of A and B is E of P(A), and thus
P(A and B) = P(A) = (n) (g)

Let us think about one more example:

You are taking a test of multiple-choice questions where there
are 5 choices of answers for each question. You have answered
\all the questlons except Questions 7 and 9 which are troublesome.
By éiimination, you know that the correct answer for 7 1s one
of 2 selectlions, and the correct answer for 9 1is one of 3
selections. You decide to guess. Find the probability of getting
both 7 and 9 correct, assuming your guess on Question 7 does
not affect your guess on Question 9.

Let A Dbe the event that you choose the correct answer for
Question 7, and B be the event that you choose the correct answer
for Question 9, Events A and B are independent. Why? We
want to know P(A and B). By the property observed in the two
earller examples,

P(A and B) = P(A) - P(B).
We also know that P(A) = % . Why? What does it mean to "guess"?
Also, P(B) = %.
1 1 1
P(Aand B) = (3) + (3) = %
The probability of getting both Questions 7 and 9 correct by
guessing is % .

dur intuition tells us that the probability that two events
will happen, P(A and B), is less than the probability that one
or the other will happen, P(A or B). Our intultion also tells
us that P(A and B) 1s less than both P(A) and P(B). In
this statement it is assumed that neilther of the events can have

a probability of 1.
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Exercises 8-4

1. You toss a coin twice in succession Let A be the event that
a tall shows on the first toss of the coin. 1et B be the
event that a head shows on the second toss,

(a)\‘Are events A and B independent?® Explain,
(b) Find the Probabllity that the coin will show heads on
both tosses.

2. (a) If A, B, and C are independent events, then
P(A and B and C) = P(A) x P(B) x P(C). State a
similar property which holds for four independent events.

(b) PFind the Probability of a head showing on each of nine
Successive tosses of a coin.

3. Your basketball team is to play team A and team B on two
successive dates., It 1s estimated that the probability of
winning over A is §- and over B is 5

(2) What is the Probabllity of your team winning both games?

(b)  If your team won the first _game, what is the probability
of winning the second?

b, The four The six
sections Sections
are equal. are equal.

Dial A Dial B

Both pointers are made to spin, Assume both are honest.
(a) What is the probability that both will stop on red?
(b) What is the probability that both will stop on green?

(c) What is the probability that A stops on white and !
A stops on blue? _ ’
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5. If you have a bag‘bf five black marbles and four white marbles,
what is the chance of drawing two white marbles from the bag
if one is drawn and then replaced before the second drawing?

6. In Problem 5, what 1s the chance of drawing two white marbles
if the first one 1s not replaced before the second drawlng?

7. (a) Are the events in Problem 5 independent events?
(b) Are the events in Problem 6 independent'events?

8. Assuming that the probability of the Greens having a boy 1is
%, and of having a girl, 1s %,

(a) What 1s the probability of the Greens having a boy and a
girl as their first two children?

(b) Wnat is the probability of the Greens having first a boy,
then a girl? .

‘(¢) wWhat is the probability of théir having first a girl, then
a boy?
(d) If the Greens have a third child, what 1s the probability
that it will not be a girl?
9. Which of the following pairs of events arc independent?

(a) Picking a black marble both times *r .wo draws from a
' bag containing black and white marbies if you do not
replace the first marble drawn.

(b) Picking a black marble both times in two draws from a
bag containing black and white marbles 1f you replace
the first marble drawn.

(¢) Going to school and becoming a lawyer.

(d) Throwing a 3 on a cube with numbered faces and getting a
head when a coin is tossed.

(e) The event of a day being sunhy and the event of the next
day being partly cloudy.
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A certain problem is to be solved, The chance that one man will
solve the problem is g. The chance that another man will solve

the problem is Tg .

(a) What is the chance that the problem will not be solved
when both men are independently working on it?

(b) What is the chance that it will be solved?

If a committee of 3 is to be chosen from a class of 20
pupils and each pupil is as likely to be chosen from a class
as any other pupil,what is the chance that you and your two
best friends will be chosen?

When six coins are tossed, what is the chance that at least
one head will be obtained?

Almost a hundred years ago a monk named Mendel did many experi-
ments in breeding plants, especially garden peas. The results
of these experiments were so important that our modern knowl-
edge of heredity is bused on his findings.

We_now know that inherited traits are controlled by genes,
and that these are located on the chromosomes., Just as a person
has two chromosomes of a particular kind, such as A, he also
has two genes for a particular trait. These genes need not be
exactly the same. They can affect two different appearances of
the same trait: brown eyes and blue eyes, or curly hair and
straight hair, for example.

It is important to know that a parent will pass along to
a child only bne gene of the two he has of a particular kind.
Each child W111 receive one of the two possible genes for a
trait from his mother, and one of the two possible gengs for
the same trait from his father. The probability of getting
either one of the two genes from a parent is % . |

What these genes turn out to be, by chance, in the child

'will affect the trait. In carnations, for example, .red flowers
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are produced when & plant has two R genes (RR), and white
flowers result when a plant has two r genes (rr), But, if
a plant has one R gene, and one r gene, then the flowers
are pink.

(a) What is the probability of red-flowered plants producing
R genes?

(b) what is the probability of white-flowered plants producing
R genes?

(¢) what is the probability of getting red‘flowers when pink-
flowered plants are crossed with pink-flowered plants?

(d) What is the probability of getting red flowers when red-
flowered plants are crossed)with pink-flowered plants?

*14  There are ten sticks. One is an 1nchlong, one 1s 2 inches
long and so on up to ten inches long. A person picks up three
of these sticks without looking. What is the probability that
he can form a triangle with them? Remember the sum of the
lengths of two sides of a triangle 1s greater than the length
of the third side.

*15. Ten slips of paper numbered 1 to 210 are put in a hat and
thoroughly mixed. Two slips of paper are drawn by a blind-
folded person. What 1s the probability

(a) That the numbers on both slips are even?

(b) That the sum of the two numbers is even?

(¢) That the sum of the two numbers is divisible by 3?
(d) That the sum of the two numbers is less than 20?

(e) That the sum of the two numbers is more than 20°?
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16. BRAINBUSTER. )
' (a) A penny, a nickel, a dime, and a quarter are ﬁhroWn
and exactly two come up heads. What is the probability
that one of those coming up a head is the dime?

(b) If the same four coins are thrown and exactly three
come up heads, what is the probability that one of the
three 1s the dime? .

17. BRAINBUSTER..Agive different coins are thrown, a half dollar
in addition to those in Problem 16. What is the probability
of each of the following?

(a) 1Ir exactly three come up heads, one is a dime and one
1s a quarter.

(b} If exactly two come up heads, one 1is a dime.

(¢) That exactly two come up heads and one of these is the
dime.

(d)'/That exactly three come up heads and two of these are
"a dime and a quarter. '

8-5._ Summary )

In this chapter you have studied some elementary ideas of
Probability, solved problems involving applications of these
ideas, and made use of. probability notation such as P(A). You
have observed that, by definition,

0 L P(A) < 1.

P(A) 1s the probability, or measure of chance, thaf svent A
willl happen. .

Two types of situations in which probability can be applied
have been considered. On one, you can 1list and count all possible
outcomes. In the other you cannot, or do not because of the
tedious work involved, count all possible outcomes. In this
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the sample rather than on the total.
You have also solved problems, illustrating

(1) P(A or B) = P(A) + P(B) where P(A or B) is the
probability that event A or event. B will
happen, provided that A and B cannot w~ouh
happen (A and B - are mutually exclusive).

(2) P(A and B) = P(A) - P(B) where P(A and B)
1s the probability that both event A and event
B will happen, provided that the success or fall-
‘ure of A has no effect whatsoever on B (A and
B are independent),

Exercises 8-5

1. The numerals for the numbers 1 through 16 are placed on
16 disks. If one of the disks 1s selected without looking,
what 1s the probability that the number named is: L

(a) divisible by

(b) divisible by 3?

(¢) a prime number?

(d) a two-digit number?

(e) divisible by 4 and 3?

2. A -pencil box contains 5 hard pencils and 12 soft pencils.
If you pick out one pencil what is the probability that it

will be:
(a) soft?
(b) hard? .

(¢) hard or soft‘7

3. At a signal, each of five boys tosses a penny irto the air.
What 1s the probability that all the coins wi:l sume down

heads?
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A card is drawn from an ordinary deck (52 cards),
(2) What is the Probability that the card is a diamond?
(b) What is the Probability that the card is an ace?

(¢c) What is the probability that the card is a diamond and
an ace? '

(d) What is the probability that the card is a diamond or
a spade? ' '

A father brought home a set of alphabet blocks for his
two-year-old son. Each block had the same letter on each

of its faces, The father selected the blocks necessary to
spell the child's name, YA L B E R T," and gave them to the
boy, who did not know one letter from the other. After play-

" Ing with the six blocks for.a while the child arranged them

in a line. What is the probability that the arrangement
spelled his name? o

. A bag contains 4 times as many red marbles as black marbles

(identical except for color). If one marble is drawn what
is the probability that it is red?

If there are two black marbles and one white marble in a box,
We can say that there are three possible pairs of marbles in
the box. Find the probability that when, without lcoking, a
palr of marbles is taken out of the box,

(2) both marbles will be black?
(b) one marble will be black and one marble will be white?

Find the sum of the probabilities in Problem 7 (a) ‘and (b).
Explain the meaning of the sum.

. You are to be placed in a line with two girls (or boys) one

of whom is your favorite. If the line contains exactly three
persons including yourself, what is the Probability that you

will stand next to your favorite? In such a probiem we assume
that you are not placed according to any plan (1ncluding your
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1k,

own). If you crowd in next to your favorite, chance would

not play a role.

in Disco Junior High School students have been divided into
sections alphabetically. In Section D the numbers of students
counted by the first inlitlals of thelr last names are as
follows: )
K-5 L-4 M-8 N-4 O0-2, P-5, Q-1.
(a) Find the probabllity that a student selected at random
will have a famlly name beginning with K or L.

(b) Find the probability that a student selected at random
will have a family name beginning with O, P, or Q.

(¢) What is the probability that a student selected at
random will not have a last initial of M or N?

Based on the season's records on September 1, the batting
average of A 1s 0.313, of B 1s 0.260, and of C is
0.300. If A, B, and C bat in order, what 1s the pProbabll-
ity that all three men will get a hit? (Round your answer

to the nearest thousandth.)

Based on data available,‘biologists consider the probabllity

.of the birth of a boy %, and of a girl, %. In the birth

of three children,
(a) What is the probability that all will be boys?
*(b) What is the probability that at least two wlll be boys?

Suppose on a regular dodecahedron, a sqlld having twelve
plane faces, 5 faces are tolored white and 7 faces colored
black. It you toss it, what 1s the chance that 1t will stop
with a white side down?

If there are 225 white marbles and 500 black marbles
in a box, what is the chance of picking a black marble on
the first draw?
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15. On Monday the Panthers play t.1e Bears and on Tuesday the
" . Panthers play the Nationals. Based on the season's record
it 1is sa;d that the probability that the Panthers will win
the Bear's game 1s 0.4, and the probability that the Panthers
will win the National's game is 0.6. Assume shat the results»
of the first game have no effect on the outcome of the second

game.
(2) Wwhat is the probability that the Panthers will win both
games?
(b) what 1s the prdbability that the Panthers will lose
both games?

(¢) What 1is the probabllity that the Panthers will win the
Bear's game and lose the National's game?

(d) What is the other possible outcome of playing both
games? What 1s the probability of this event?

*16. ‘A cube with faces numbered 1 to 6 and a coin are tossed
at the same time.

(a) What is the probability that both a head and a 6 will
show? ’

(b) What 1is thé probability that a head or a 5 will show?

(¢c) What is the probablility that a head or a number divisible
by 2 will show?

*IZ ‘Suppose you have'six letters to be delivered in different
parts of town. Two boys offer to deliver them. In how many
different ways can you distribute the letters to the boys?
Include the possibilities of one boy having 0, 1, and 2
letters to distribute as well as the possiblility that each
boy will have 3 1letters to distribute.
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Chapter ¢
SIMILAR TRIANGI.ES AND VARIATION

S-1l. inlirect Measurement and Ratios

You read in Chapter 3 that the sun 1s 93,000,000 miles away
from the earth, and that the distance from the earth to the nearest
star (other than the sun) is & ilght-years. You probably know
that the diameter of the earth is about 8,000 miles. Do you
“think that anyone has actually stretched a tape measure from the
earth to the sun, or drilled a hole through the center of the earth
to measure its diameter? Of course not. These distances are
measured indirectly. We measure certain lengths and angles that
are within our reach. Then we calculate the lengths we are interw
ested in. In order to do this, we may use the relations between
the parts of a triangle.

We can also use indirect measurements in problems closer to

. our everyday experlences. Suppose on a sunny day we wish to find

the helght of a bullding. We can measure the length of 1its shadow,
which turns out to be 40 feet. Now we ask the help of a friend
who is 6 feet tall, We find that the length of his shadow is
8 feetf Thus, his height 1is six-eightbs, vy

or three-fourths, of the length of his "?

shadow. We can write the ratlo like this: _i

his height =6 =3 . ‘>
ength of shadow 8 % 8
It would seem that the ratio of the height ?: ' i
of the bullding to the length of the shadow

[—— < —

ot
of the building would also be %u Thus we ' gégéi
obtain the following proportion: s
. 3 _ -[] ‘
o = =
Using the multiplication property
of equality, .

7i
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:
+

ro(s) = k0(3)

thus, ¥y = 30. The height of the building i1s 30 feet.

Class Exercises 9-la

In the foilowing_drd&ing, the ordered pair (4, 0) 1is named
with the letter A, (4, 3) 1s named with B, and so on. OB
passes through points D and F. The length of one slde of one
of the small squares will represent one standard unit of length.
Use the figure in answering the questions as indicated.

| 4y debict
v A
) ] \
- \
\
\
/1 \‘ %7
2) 1 A \
N \ 2
\ \
’ \
Ty y \
A
»
0 Al4,0} '*(a:l_o u|:,o X

1. AB is 3, and OA 1s 4. (Recall that AB wilth no symbol

above 1t means "the measure of segment AB.") Therefore the
’ AB _ 3 o ‘

ratio of AB to OA is OR°=T °
(a) Wwhat is the ratio of CD to 0C?
(r) Wnat 1s the ratio of 'EF to OE?

2. The dotted, curved lines through B, D, and F were drawn
with a compass. Thus we can determine that. OB 1is 5, OD
is 10, and so on.

(a) What is the ratio of AB to O0B?
(b) What is the ratio of CD to 0D?

[sec. 9-1]
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3. () Find the value of %% ]
o L |
4.  Copy and complete the table %%Iﬁ %- %% = ? %% = ?
' at the right The completed O _, |CD_, |oc_,
‘table will show ratios from o~ " {op_ ' |op "¢
the previous drawing. . EF _ o, |EF ., |OE_,
OE : OF : OF ~ °

5. (a) Compare the ratios in Column 1. You should find that

these ratios are equal. Thus éE %2 %% -%g = —3—

(b) Compare the ratios in Column 2. Are they equal° Which
' of the ratios is in the simplest form?

(¢) Wnich of the ratios is in the simplest form in Column 32
Are the ratios in this column equal?

6. A part of the previous drawing

1s shown at the right. _ge Ay [ ]
select a polnt N on OB, : ‘
A line through N perpendicular I\
to the X-axls intersects the >
X-axis at M. The length of ) Sy e
MN is' y. The length of OM ‘ : ;:
i . o // . x‘.
S Xe -
) ' 1 $ 4 [

(a) y 1s about 43 or 4.5, - N/

What is x? T

W _ 3y ?
®) M =%=—> .
T Suppose we select any point R on OB, A line through R
1s perpendicular to the X-axls and intersects .the X-axis
at 8.

(a) Wnhat kind of a triangle 1s determined by the line segments
Joining O, S, and R?

(b) Does it appear that the ratio of the "y" side to the
"x" slde of such a triangle will always be E’ if we

use this particular ray?
[sec. 9-1]
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10.

(a) In AOMN, ON is the longest side. What name is given
to the longest side of a right triangle?

(b) sSince A OMN is a right triangie, the Pythagorean
Theorem may be used to find the length of ON. ‘Find ON
using this theorem. '

In the drawing at
the right, note
Eggt the angle that v s
OB makes with the Netialasl A
X-axls 1s different \
from the angle in vd N ‘
the drawing for the ¥*# Pd \ v
first problem. For jBk/' 1 y 1
AOAB 1in this draw- I\ y| | |
ing, AB 1s y, OA 4
is x, and OB 1s [ A
r. Similarly in X M%Q) ' C([P. ) E(15.D)
AOCD and A OEF, ! '
the measures of the
lengths of the vertical sides are ¥y, the horizontal sides

X, and the third sides r. For the three triangles we cannot
obtaln the exact measure of r, the hypotenuse. For these
triangles, r 1s about 6.4, 12.8, and 19.2. Using the -
information given above, complete the table:

a'\5| 2 7/

I

P

=

e
—— 1
—

z = z = e
For A OAB
— == — —-—
For A OCD ,3_ rb -
|Fc. A OEF X i

(a) What kind of triangles are A OAB, AOCD, and A OEF?

(b) Explain why the measure of the angle at O 1s the same
for each of the triangles. '

(¢) 1Is % ‘equal to the same number for each of the triangles?

[sec. 9-1]
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(d) For each triangle, does '% equal the same number?
(e) 1Is ¥' edual to the same number for each of the triangles?

©1l. Use the Theorem of Pythagoras to verify that the measure of the
length of the hypotenuse for each triangle 1s about 6.4, 12.8,
and 19.2.

Exerclses 9-la

L. On a sheet of graph paper draw a figure similar to those in
the class exercises. The coordinates of point A are (3, 0)
and the coordinates of point B are (3, 4).

(2a) Find the values of %, %, % for- A OAB.

(b) The coordinates of point D are (6, 8) and the

coordinates of point C are (6, 0). Find the values

of %, %, % for A OCD. Compare your answers for (b)

with those for (a). ‘
(¢) Select fwb different points on 53 and find the values

of the three ratios. Compare youf answers for (c) with
those for (a) and (b). AY 4

2. In the drawing at the right, the g/

ray through 0 18 drawn so that /

it forms with the X-axis an /

' angle of - 60°, Lines through

B, D, and F are drawn perpen-

dicular to the X-axis, inter- 7

secting the X-axis at points A yR15.6

A, C, and E with coordinates

as Indicated. The approximate B

~«
2
143
Q
D

lengths of y are shown in the

drawing. For the three triangles, /

¥
r, the hypotenuse, has a measure ;/ y o2

6, 12, and 18 respectively. - "%

[sec. 9-1]
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(2) Find the values of %,' %, and é' for each triangle
and complete a table similar to that in the class
exercise. .

'(b) Compare the values of % for each triangle. Are they
equal?

'(c) Are the values of for each triangle equal?

HiK Rl

(d) Are the values of for each triangle equal?

(e) Select any other point of 0B. Find the lengths of x,
¥, and 'r. Then determine the three ratios for this
new triangle and compare them with the ratios you found
in the first part of this problem.

t

8

3. In the drawing at the right, A AOB ~N|
is a right triangle. / AOB 1s a

60° angle as in problem 2.
(a) From problem 2, what is the

value of %? y
(b) Let T represent the value of

L. Then, ¥ =T. urtite L=,

replacing "T" with your answer o A

from (a) and replacing x with
45, Find the approximate height
of the flagpole, Y.

g, The drawing at the right shows a
ladder extending from a flre truck
to the top of a building. A AOB
*s a right triangle, and / AOB 1is

o
a 60 angle.

(é)” From problem 2, what is the.
- value of %?

79
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{b) Replace "K" 1in % = K with your answer from (a), and
replace r with 75, Disregard the height of the fire
truck and find the approximate length of Y.

5. Use the drawing at the right
to answer the following ]

questions.
(a) A0 ¥ AB and CO 2 CD.
What kind of triangles

are A OAB and A 0CD? B
(b) Find the measure of :
/ AOB without using a I /‘
protractor. 0 + 2 X
3 Al (4,0 € (8,0)

(¢) Wwhat is % for each of e !
the triangles? ‘
- .
(d) Select any point on OB and find %. Then compare your
answer with that in (c).
(e) 1Is the value of % the same when the angle the ray makes
with the .X-axis is 30° and when the angle is 450?

6.  Using the drawing for Problem 5, show that in A OST, the
value of % may be written as

VA

From the answers to the questions in the previous exercises
it would appear that the ratios %, %, and %- depend on which
ray 1s selected through the origin., If the angle the ray makes
with the X-axis 1s 600, % is about 1,73 for any point on the-
ray. If the angle the ray makes with the X-axis is 459, % is
1.00 for any point on the ray. Thus, the ratio depends on the
angle the ray makes with the X-axis and not oh the point chosen
on fhe ray. You willl now consider why this must be so.

.
—iy

.80
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Class Exercises 9-1b

1. In the drawing, the
coordinates of Polnt . 4
A are (a, 0) where
a 1s some positive
number. . The coordi- F(/////’
nates of Point B
are (a, b) where D
b 1s some positive

S

number. The angles - ' R
at A, C, and E
are right angles,
Eﬁ and 55 are par-
allel to the X-axis.

v

A (a,0) C (2a,0) E (3aq,0)

(a) The measure of the length of OA is a. What other
" segments are congruent to O0A?

(b) Show that A 0AB, A BRD, and A DSF are congruent.

(c) AB is b uniﬁé long. What other segments are congruent
to AB? -

(d) What is the measure of the length of CD?

(e) What is the measure of the length of EF?

2. Copy and complete the followlng table. Note that ¢ is the
length of the hypotenuse for each triangle.

For A 0AB £ 3 - = = ?
.3.’.=.2_1_). X-—‘? ..J.c.—’)
For A 0CD " 5 =2 = = 7
/ L=-3b ¥Y_o|X_,

81
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3. (a) Does the ratio % = %—}{%? Explain.
a_2a, ’ 2a _ 3a,
(b) Does the ratio b = 557 Does == 57

(¢) Does %» have the same value for each of the triangles?

What about the value of %? or %?

: -
4, Select a point on OB having the coordinates (x, ¥), such

(a) What is the value of y?
(b)  What is the value of the ratio %?

N .
5. Select a point on OB having the coordinates (x, ¥), such

that x = %a.

(a) What is the value of y?
(b) What is the value of the ratio _%?

It would appear Eg?t for every point having coordinates (x, Y)
on a particular ray OB, all 1 represent the same number.
Similarly, all X represent the same number, and also, all %
represent the same number. Thus, the ratios are determined only
by the angle formed by the’ray from the origin through the point
(x, y) and the positive X-axis.

82
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"(a) Determine the value of £,

Exercises 9-1b

Usé the drawing at the right to
find the answers for the follow-
ing questions:

(a) Determine the value of %.

(b) Use the Pythagorean Theorem
to determline the length of
OB.

(¢) Find the value of %.

(d) Find the value of

] bt

(e) Using a protractor, find
the measurement of / AOB.

In the drawing at the right 0B
is congruent to the OB in the
drawing for Problem 1. Note
that the angles formed by the
rays with the X-axis are not
the same. .

_ S X
(b) Use the Pythagorean Theorem
to determine the length of

OB.
(¢) Find the value of % and
S X

T and compare the results
with problem 1{c) and 1(d).
Arz they the same?

!sec. g-1]
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3. In the drawing at the right the JJ??\\\
helght of the buillding is y. 7|
When the angle of the sun's rays / =l]
with the horizontal is 60°, the /o
length of the shadow of the / 0 ,'y=.?
building, x, 1is 95 rret. ¢ ,/ :
Find y 1if % is at .73. // ' O

Lo
/R
/ .’Q§
W7

4, A television antenna is mounted on an 80-
foot pole. % % .87. Replace "y" 1in B
the open sentence with 80 and find the
approximate length of the support wire
from O to B, 4

1
LI

5. In the drawing for Froblem 4, when the measurement of é AOB
‘ is 60°, what 1is the measurement of / ABO?

3
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6. In the drawing at the righv OB
represents a ladder leaning against
the wall. The top of tue ladder
reaches a point 12 f{eet above
the ground. Use the following values
in answering the quésﬁions:

In2.36; L% .92,

(a) How far 1s the foot of the
ladder frow. the base of the
wall?

(b) How long i the ladder?

(c) Assume the foot of the ladder
~1s five feet away from the base
of the bullding. Use the
Pythagorean Theorem to check
your answer for (b)

67
¥ [

9-2, Trigonometric Ratios

In the drawing, consider a partic-

ular ray 6% through the origin. On A

this ray, for any point P, whose
coordinates are (x, y), &a right tri-
angle is determined with the right
sngle at a point on the X-axis.

In the previous sectipn you learned

OL_
X —>

that % is the same for all points

—_—
on OB. In other words, % depends
only on“the angle AOB and not on

x A (x,0)

the particular point P chosen. We call this ratio the tangent

of the angle AOB. The tangent of angle
tan / AOB.

[sec. 9-2]
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-y ; AP _ length of the oppoglte side
tan / AOB X OA ~ Iength of the adjacent side®

You also learned that the value of % 1s the same for all .
points on the ray 5%, where r 1s the measure of the length of
OP, that 1s, the hypotenuse of A AOP. We call this ratio the’
8ine of angle AOB., The sine of angle AOB is abbreviated
sin / AOB. | '

AP _ length of the opposite side
) = X = e = o
sin / A0B r OP length of the hypotenuse

Finally, you learned that the value of % 1s the same for .all

_9
points on the ray OB. We call this ratio the cosine of the angle
AOB, and we abbreviate this cos / AOB,

cos / AOB - X _ 0A _ length of the adjacent side
~r OP length of the hypotenuse

In Exerclses 9-la, we found the following ratios for an angle
of 60°; '
tan 60° X 1.73; sin 60° X 0.87; cos 60° = 0.50.

Class Exercises 9-2

+

1. In the figure at the right, the _:_ﬁ_J i f
line throdgh A 1s perpendicular ‘, J | J
to the X-axls. Rays_through the ' 'nL—-tL
origin intersect the line. Call ~r i
the point of each intersection B. J_—

(
l

(a) For each of the triangles,

what is the measure of the ,’

|
length of OA? 1
o : —' [/
(b) For the ray marked 60°, what rji“;
1s the measure of the leng-h JFg :Zr
of AB? » V%N
)4 A
(c) Use your answers for (a) and /1 LA
y L
I /
(o) to calculate the tangent stA

of / BOA., (Calculate your
results to 2 decimal places.)
[sec. 9-2] -
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(d) Similarly, calculate the tangents of 45° ang 30°.

2. In the drawing at ﬁﬁ;‘right,.the

‘radius of the arc is 10 units. 1 ly €0

Let B be the polnt where each + 1/ a5’

ray through the origin intersects :]

the circle. A line through B ) /

1s perpendicular to the X-axis. - T“L // //,’ 30°

For evrch line the polnt of inter- 2

section 1s A. Calculate your // P \

results to two decimal places. }{ ,,// \

(a) For each of the triangles, 0 //’// x|
what 1s the measure of the ] | th -

length of OB?

(b) For the triangle determined by.$he yay marked 60° what
is the measure of the lengti of AB?

(¢c) Use your answers for (a) and (b) and calculate the sine
of [/ BOA.

(d) Similarly, calculate the sine of 145° and of 30°,

(e) For the triangle determined by the ray marked 60°, what
is the measure of the length of OA?

(f) Use your answers for (a) and (2) and calculate the cosine
of é BOA. (Calculate your . .lts “o 2 decimal places.)

(g) Similarly, calculate the cosine for the rays marizd 45°
O o
and 307,

3. (a) How does the sine of a 30° angle compare with the
cosine of a 60° angle?

(b) Compare the sine of a 45° angle with the cosine of a

kSO angle.

87

[sec. 9-2]

o




l’l’o

Sob

361

Using your answers for Problems 1 and 2, copy and complete
tne followling table. Keep a copy of the table, since it will
be needed in Exercises 9-2,

m(/ BOA) | sin / BOA | tan / BOA
30 60
45 . 45
60 -] 30

cos / BOA|(Use the column at
tre right for the
measure of the

~ angle when using
coslne of the
angle.)

Conslder the right triangle in the

drawing. / BOA has a measurement B
of 300, and the measurement of
OA 1s 6 reet.

~(a) Wnich one of the trigonometric

ratios lnvolves the opposite

and adjacent sides? 0. A.
(b) From your table, what is the measure of the ratio %%
for [/ BOA?
(¢) Let y represent the measure of the length of AB.
Then,

% = tan / BOA.
Sol~ 5 find the measure of the length of AB.
When we say that "tan (/ AOB) = %," we also mean that
"% = tan (/ AOB)." That 1s, we can go from left to right or
from right to left with our definition of the trigonometric
ratios. Or, you might say that the ratios are used "forwards

and backwards." You should learn them in both ways. In
each case below, state which trigonometric ratio is defined

[sec. 9-2]
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. in terms of the two stated sides of a right triangle:
(a) hypotenuse and opposite side.

l(b) adjacent side and hypotenuse.
(¢) adjacent side and opposite side.

{d) hypotenuse and adjacent side.

7. For this triangle:

(a) For [/ RST, the opposite side is . T
(b) For / RST, the adjacént side is .
(c) For / SRT, the opposite side is .
S
(d) For [/ SRT, the adjacent side is .
8. For this triangle:
F

~(a) The sije opposite / EDF 1is .
The side adjacent to / EDF is .

)
(¢) The side opposite / DFE 1s .
) The side adjacent to / DFE 1s -

9. For the triangle, iirst name the opposite side for the given
angle, and then name the side adjacent to the given angle.

(a) For [/ LJK.
(b) For [/ JKL.
(e¢) The hypntenuse is .

K

10. For the right triangle OAB L

” assume that you are gilven the B
trigonometric ratios for the
tangent of / AOB, sine of
/ AOB, and cosine of / ACB.
Which trigonometric ratio
would you use to find each of
the remalning two sldes of the 0 , ‘ A

[sec. 9-2]
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triangles when you know

(a) oa =7,
(b) OB = 6.
(¢) AB= 2.

the following:

363

For the previous problem, answer each of the questions for
/ ABO instead of / AOB.

Exercises 9-2

The polnt A 1is 50 feet from the foot
of a flagpole. Find the height of the

= 60°. (/ PAB 1is
called the angle of elevation of the

flagpole if m(/ PAB)

top of the pole.)

A 25-foot ladder is placed against

the side of a bullding.

an angle of U45° with the ground,

at what height does it
building?

If 1t makes

2

touch the | //_T
A ]

ey —

Use the drawing for the previous problem to determine how far
from the foot of the bullding the foot of the ladder is placed.

isec, 9-2]
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b, To find the measure of the width of
a river two boys set up stakes at
E and F, using a trce on the
opposite bank for D. DEF 1s a
right angle. The measure of angle
DFE 1s 30. If the distance from
E to P 1s 150 feet, how wilde
1s the river?

5. (a) The side of a square has a measurement
of 4 feet. Flnd tre length of the
diagonal uslng one of the trigonometric

ratios. 4

(b) Check your answer for (a) using the _
Pythagorean Theorem.
' o o L_—' 4'——_J
6. 'Find the ratios: EEE—QQE and EEE_éQa
: sin 30 tan 30

State in your own words why you think these ratios ar¢ not 2.
Te A regular hexagon 1s inscribed

in a clrcle of radius 10 inches.

(a) What i1s the measure of / PCQ?

(b) What is the measure of [/ CPQ?

(¢) Find CM.

(d) Find PQ.

[sec. 9-2]
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8. e figure ABCD consists of the union B
of two equilateral triangleg _ABC and
ACD., The sides of the triangies are
10 inches long. '

(2) What is the measure of ,/ AED?
() What is the measure of / DBC?
(¢) why 1s BD | AC?

(d) Find the approximate measure of
. the length of ED.

9-3. Reading a Table

You used a table of square roots in Chapter 4, and in Class
Exercises 9-2 you made a table of the values of the trigonometric
ratlos for the followlng three angles of measurement: .300, 450,
and 60°. Perhaps you noticed that sin 30° = cos 60°. Do you
think this might be true for other zngles?

You may have noticed that for any rignt triangle, the sum of
the measures of the two smaller angles is 90. The sum of 30°
and 60° 1s 90°. Similarly, the sum of 45° and 45° 1is 90°.
Two angles, the sum of whose measures 1s 90, are called comple-
mentary angles. A 30O angle and a 60O angle are complementary
angles. Similariy, a 200 angle and a 70O angle are ¢omplementary
angles. 1In fact, the two non-right angles of a right triangle will

always be complementary angles.

Look at the following figure, and refer to the trigonometric

ratios below: B

[sec. 9-3]
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length of the opposite silde CB
A\B = -
sin / CAB = SooF=0F the hypotenuse ~ = AB

length of the adjacent side . CB
cos / CBA = Tength of the hypotenuse AB

We have shown that the sin/ CAB = cos / CBA. Angles CAB and CBRA
are complementary angles. Thus 1t would appear that for any pailr of
complementary angles, the sine of one of the angles would be equal
to the coslne of the other angle. Does sin / CBA = cos / CAB in
the drawing? Note that both of these ratlos are the same, %%.
Thus, 1t i1s no acecident that sin 30° = cos 60°. It would also be
true that sin 20° 1is equal to cos 700, cos 10° = sin 800, and
80 on.

We used thils property to shorten the table we made for three
angles. In the same way, thils property 1ls used in the table of
trigonometric ratios on page 368. In thls table, the measurements
for angles from 1° +o 450 are listed on the left. The measure-
ments for angles from h5° to 89O are listed on the right, read=-
ing from the bottom o7 the page toward the top. The ratlo head=-
ings are shown at the top of the page for all angles from 1° to
450. For angles 45°  to 89° the ratio headings are shown at the
bottom of the page. '

To find sin 20° 1in the table, first look for 20° 1in the
column on the left since 20 ¢ b5, Next, find the column headed
"sine" at the top of the page. The number in the sine column and
the 20° row is .3420. Thus, sin 20° % 0.3420 correct to four
decimal places. Notice that the approximation sign 1s used indicat-
ing that we know only that the decimal 1s correct to four places.

To find cos 700, look for the angle measurement in the right-
hand column since 70 > 45. Because you are using the right-hand
column, look for the ratio headings at the bottom of the table. In
the column headed "cosine" at the bottom of the page we find 0.3420
in the row for TOO, 'ihus, cos 70o ~ 0.3420 to the nearest cou-
thousandths. Notice that this is the same as sin 20°, Find
sin 70°. It 1s about 0.9397.

Notice that there 1s another ratio listed in the table, that

[sec. 9-3]
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of cotangent. Just as we call the sine of the complement of an
angle the cosine of that angle, so0 we call the tangent of the
complement of an angle the cotangent of the angle. For the tri-
angle a‘ the right,

tan / AOB = ¥ = cot / ABO B
and, y

tan / ABO = % = cot / AOB.

0 ‘A

Notice that the "eco" in cosine and *

cotangent are suggested by the "co" in "complementary " Angles

AOB and ABO 1in the brevious drawlng are complementary angles.,
You can find more complete and more accirate tables of

trigonometric ratios in a library. People who use mathematics in

their work usually own books containing various sets of mathema-

ﬁical tables.

94
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TRIGONOMETRIC RATIOS

Angle Sine Tangent Cotangent Cosine
13 L0175 ,O175 55.290 .9998 893
20 .0349 .0349 28.636 . 9994 88o
35 .0523 .0524 19.081 .9986 87o
4 .0698 .0699 14.301 .9976 86
52 .0872 .0875 11.430 .9962 852
6o 1045 .1051 - 9.5144 .9945 8uo
o .1219 .1228 8.1443 .9925 83o
8o .1392 L1405 7.1154 .9903 82o
9 L1.,64 .1584 6.3138 L9877 81
108 .1736 .1763 5.6713 .9848 80°
117 .1908 .194Y 5.1446 .9816 793
127 L2079 L2126 4, 7046 99781 78o
13 .2250 .2309 4,3315 L9744 7o
14 .2419 .2493 4,0108 .9703 76
158 .2588 .2679 3.7321 .9659 758
16o .2756 .2867 3.4874 .9613 7uo
175 L2924 .3057 3.2709 .9563 735
18o .3090 .3249 3.0777 .9511 725
19 .3256 L3443 2.9042 .9455 71
208 .3420 .3640 2.7475 .9397 708
217 .3584 .3839 2.6051 .9336 69o
22 L3746 .4olso 2.4751 .9272 68o
237 .3907 L4245 2.3559 .9205 67o
24 L4067 QIR 2.,2460 .9135 66
250 4226 L4663 2,145 .9063 658
268 4384 L4877 2.0503 .8988 62
272 L4540 .5095 1.9626 .8910 63o
28 L4695 .5317 1.8807 .8829 62o
29° 4848 .5543 1.80L40 .8746 61
30° . 5000 .5TT4 1.7321 .8660 608
318 .5150 .6009 1.6643 .8572 59
32 .5299 .6249 1.6003 .8480 580
33 L5446 L6494 1.5399 .8387 5T
34° . 5592 .67ks 1.41826 .8290 56
352 .5736 .7002 1.4281 .819z 55°
362 .5878 .7265 1.3764 8090 5“8
37, .6018 .7536 1.3270 7986 53
38o L6157 .7813 1.2799 7880 525
39 .6293 .8098 1.2349 7771 51
uog 6428 .8391 1.1918 7660 508
ulo .6561 .8693 1.1504 7547 490
427 .6691 . 9004 1.1106 7431 u80
uso .6820 .9325 1.0724 7314 ”70
uuo L6947 . 9657 1.0355 7193 u6o
45 L7071 1.0000 1.0000 7071 45
Cosine Cotangent Tangent Sine Angle
[sec. 9-3]
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Exercises 9-3

Use the table to find the following:

(a)
(b)
(c)
(a)
(e)

sin 10° (f) tan 40°
tan 10° (8) tan 50°
sin 41° (h) tan 60°
sin 63° (1) +tan 70°
sin 82° (J) sin 88°

Check the statements below by studying the numbers in the
table. Do you agree with the statements?

(2)

(b)

(c)

{a)

(e}

The ~ine of an angle in the 5able is always between O

an. ‘',

. of an angle increases with the size of the angle
t. 1° to 89°,

The slne of an angle less than 30° i1s less than éu

The diffefences between consecutive table readings variles
Lvroughout the table,

The difference between the sines of two consecutive angles
in the table is greater for smaller consecutive angles
than for larger consecutive angles.

Use the tangents of angles glven in the tables to answer the
following questions: '

(a)

(v}

()

(a)

Is the tangent of an anglc always between O and 1°?

Does the tangent of an angle between 1° and 89O
increase with the angle?

Do the differences between consecucive readings in the
table vary throughout the table?

Is the difference between the tangents of two consecutive
angles 1n the table greater for smaller consecutive angles
than for larger consecutive angles?

[sec. 9-3]
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4, Find the followlng products:

(a) 100 = (sin 32°) ~ (e) o0.27 + (sin 73°)
(b) 81 + (tan 48°) (d) 0.05 «(tan 80°)
un )

5. The diagonal of the rectangle shown at 20

the right makes an angle of 40° with ‘j‘aoo

the longest sides.. Find the width of

the rectangle if its length 1s 20 w

inches. g 4qo '

6. Triangle ABC 1s a right triangle with / ACB the right

Y- AC _ 5
(2) - what trigonometric ratio of / BAC 1s w5 = §?

(b) Use the table of trigonometric ratios to find the
approximate measure of / BAC. '

Te The length of a shadow of a 30-foot tree
1s 10 feet. What is the approximate
measure of the angle of elevatlon (Z KIM)
of the sun? (Recall that the angle of
elevation of an cbject from a point L

"1s the angle between a horizontal line
through I, and the line through L
and the givea object. In thils case the
glven object is the sun.)

8, Suppose in the previous problem, the length of the shadow had
been 20* feet instead of 10 feeC. Would your answer be
one-half of the previous answer? If so, why? If not, what

. would the approximate measure of the angle be?
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10.

11.

An observer sees that the angle of
. elevation from where he stands to
the top of a cliff'is 59°, I

the cliff is 200 feet high, find,
to the nearest foot, the distance
from the observer to the foot of
‘the cliff.,

371

The tangent of the complement of an

angle has been called the cotangent

of the angle. In the drawing,

(a)

(b)

cot / POQ =.tan / PQO
Show that:

_ 1
cot [ POQ = gz Fog- 0 h.

this.would be a different way to define tne cotalgent:
the cotangent of an arigle is the reciprocal of the tangent

. of the .angle,

Is the sine of an angle the reciprocal of the coSlng of
the angle? Explain your' answer using thg dpawing.

The navigator on a ship sailing due

south observes a-lighthouse due - g:::s}':~"~""§3€ 3 PMlﬁ

west at 3. p.m. At 5 p.m., the \\ A

lighthouse is 52° west of north. N
.- The ship 1is moving at a speed of \

\
15 miles per hour. : \?5én
(2) How far from the lighthouse N
was the ship at 3 p.m.? . | \ s‘P.M-

- (b) How far from the lighthouse ' v

was the ship at 5 p.m.?
(compute your answer. to the nearest tenth of a mile,)

‘ 98
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1o, Triang] e 0BC at’ the right is an
equilateéal triangle. Each side of
the trianglé has a measure of 2.

(a) Whay js the measurement of
Angyes BOC, OBC’. and BCO?
Expyain your answer,

|

l

[

I

[

|

!

!

(b) The vertex B 1s joined to o IA
the pigpoint A of 0OC. Show —2 —

thay A OAB ¥ A 0aB,
~(e) Shoy tnat AOAB is a right triangle.
(a) Fing tne measurement of / OBA.
(e) Find the leﬁgth of AB using a trigonometric ratio.

13. Refer g4 the drawing from Problem 12 m{/ COB) = 60°. The
measure (.~ 0B = 2, and the measure of OA = 1.

a) C = ° _ .9& = -?‘.
( Og / AOB = cos 60" = 0B = 7

() I srder to find the sin / AOB and ~tan / AOB we must
fing tnhe measure of AB which we shall call y. By the
Pythagorean Theorem, .

(08)2 + (aB)? = (0B)?
ox, 12 442 = 2P
thus’ : ” y2 = ?
anq’ y =2

(c) Use.your results for part (b) to find sin 60° and
tan go® and check your results with the values given
irl the table.

99
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14, The square shown at the right has a
measure of 1 for each side.

(a) Verify that the measure of DF

is Va2,
(b) If DF = /2, then
1
sin 450 = —=—, You can
. J2

determine a decimal expression
fo by dividing 1 by

1
O \/-2-
1l.4142, but this 1s a tedious computation.. Recall that
any number divided by itself (except for 0) is 1.
Thus,

v2 1, and -L.. Y2 _V2_ V2

Y2 /2 /2 J/F B
It 1s much easier to divide 1.4142 by 2 than to
divide 1 by 1.41%2. Find the sin 45° using the
above computation and then verify your answer with the .
table.

5. In the figure at the right / ABC
"~ has measure 60, / ACB has
measure 32, 1in degrees, and
AB = 100, Find (a) m(AD) and
(b) m(BC). ' -

100
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9-4, Slope of a Line y
The drawing at the right 1is ' B (x,y)

similar to those used in Sectlion 9-1.
You learned that for a particular ray
63 from the origin through the point
(x, y), all % are equal. For a
particuiar ray then,

L=m
X s

where m 1s anothexr name for the
rgtio. However, you learned that % is the tangent of the angle
which the ray makes with the X-axis. Thus, m 1s the tangent of
the angle AOB. The number m depends on the papticﬁlér ray which
is chosen and not on any particular point on the ray.

Using the multiplicatlon property of equallty,

0 X
X A (x,0)

L(x) = m(x)
and, _ y(&) =mx,  but =1,
S0, . Yy = mX.

Thus, an equivalent equation for % =m 1is y =mx. If the
tangent of an angle is 2, then,

% =2 or y = 2X.

If the tangent of an angle is %, then,

y_ 4 = L
£=35 or y 3K

eianeid

Each point on the line which an equation represents will have
coordinates which satisfy the equation, and each point whose coordi-
nates satisfy the equation wil. lie on the line. The number in
this equation is called the slope of the line. In the equation
y = 2x, the "2" 1s the slope. In the equation ¥y = %x, the
"%? is the slope, and in the equation y = mx, the "m" 1is the
slope. Slope 1s another name for, the tangent ratio of the angle
made by a particular.ray and the X-axis.

[sec. 9-4] - _
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The word "slope," when used with 4y 1,
reference to a hill, refers to the
steepness of the hill, The slope of 7
a hill is measured by dividing the / /
measure of the change in elevation by /]
the measure of the corresponding I/
horizontal change. In the drawing VA4
at the right the rays are named with /
Roman numerals. The tangents or slopes
of the angles the rays make with the /
X-axls are as follows: . Y/ %

//
s ' Alis]o xi’

N

\L N

Jwo
\

For I, m %; for II, m =

U

for III, m = 33 for IV, m =

and for V, m = %g. As the y 1increases, the tangent of the angle,
or slope increases. The steeper the ray, the greater '
the tangent of the angle or the greater the slope.

Class Exercises 9-4

1, (2a) In the drawing, what is the
tangent of the angle the ray

makes with the X-axis? 117
. ‘ ' 74
(b) Use your answer from (a) as -
a replacement for m in the VT Bf4{3
general equation y = mx. S Pd 1
(¢) Your answer for (b) is an ! A >

equation for the line OB. 3

102
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2.

(a) Write an equation for the line YAl
Joining the origin to the point /
(4, 1). )LB\LH
(b) Write an equation for the line { 1
. 1
Joining the origin to the point of —Tcla.n | X
(1, ). ] TR ’
(c) What is the tangent of angle
COR?
(d) What is the tangent of -angle
BOR?
Name the line through the ay
" origin which is described |
bf each of the followlng }NB
equations. Note that some c
of the equations are )é/
equivalent equations. // A
q q 7 /./;
(a) v =(1)x : 7
21 JAS
(b) v = i L3 I
(¢) y=3x or
(@) v = 17;x
y.1
(e) =3
L=
(£) L-1
y_T1
(8) £=1
YL .3
m -1 -

Use the drawing for Problem 3 and find the slope for each of
the following lines,

(2)

<>
0A

(b) OB ©(e) O¢ (@) ob

[sec. 9-4]
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There is another ratio that is sometimes used to designate the
steepness of a line, You may have heard of a '"road having a 2%
grade"., This refers. to the ratio %, that is, the sine of the
angle which the road makes with the horizontal. A road that rises
2 feet for every 100 feet measured along the road has a 2%
grade. For roads which are not very steep, the grade is very close
in value to the slope.

Exercises 9-4

1, Find equations for the lines joining the origin to each of
the following points.

(a) (%, 1) (@) (1, 2) (g) (5, 7)
(v) (3, 1) . (e) (1, 5) (h) (6, 2)
(e¢) (1, 1) (£) (5, 3) ‘ (1) (5, 0)

2. A conveyer belt is used to
"1ift" materials to a loading
platform. A box placed on the
conveyer belt 1s lifted 5
feet while it is moved a hori- 5
zontal distance of 10 feet,

’
(a) What is the slope of the )

()
fe—

path along which the box 10'

is carried?

(b) What is the approximate measurement of the angle of the
path along which the box is carried and the horizontal?

3. The drawing at the right
shows a partial side view
of a stailrway. The slope
of the stairway is defined
as the slope of the dotted
line.

[sec, 9-4]
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4,

. (a) Wnat is the slope of this stairway?

(b) What 1is the approximate measurement of the angle formed
by the dotted line and the horizontal line (tread)?

The drawing at the right

shows a 5% ‘“grade", . —"B i
00

That is, in a distance of h::::::::::;l,__——————"’—'] 5

100 feet tliere 1s an 0 - A

elevation 5 feet. The horlizontal distance in this case is
about 100 feet. It would actually be a little less than
this distance.

(a) What is the sine of ahgle BOA?
(b) What is the tangent of angle BOA?

(¢) Wnat is the approximate measurement of the angle BOA?
>

(d) Approximate.y, wnat is the slope of OB?

Using the drawing for Problem 4, assume the measurement of

BoA 1s 2°.

(a) vhat is the sin / BOA?
(b) Wwhat i1s the tan / BOA?

(c) Wwhat is the approximate measure of the rise (or elevation)

if the horizontal distance 1s 100 feet?
<>

(d) Wwhat is the grade of OB?
<«—> H /
In the drawling at the right, DE = =  —-——9-—=--—-
1s the approxlimate slope of the
hillside. .The tangent of [/ DEF

is about 2.05.

(a) what is the approximate
measurement of / DEF?

(b) Wwhat is the approximate
vertical height of the
hill 1f the measurement
of DH 4is about 500!?

[sec. 9=4]
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9-5., Similar Triangles

Refer to the drawing at the
right which 13 a copy of the draw-
ing used in Class Exercises 9-1b.
Recall that triangles AOB, RED,
and SDF are congruent}

Look at AAOB and ACOD,
These triangles are not congruent,
but there are a number of relation-
ships between the two. We can set
up a one=to-one correspondence
between the vertices of the two
triangles as shown at the right,
The following angles also correspond:

/ AOB «<—> / COD;
/ OAB <—> / 0CD;
/ OBA «<——> / ODC,

Because AAOB and ACOD are
right triangles, we know that the
corresponding angles with vertices

379

.AV
F(3a,3b

D(au.ab) S

8(a,b) R

LY

0

A(Q,0) Cl(2a,00 E(3q,0)

at A and at C are congruent, The corresponding angles with
vertices at O are the same angle, and thus / AOB = / CoD.

Since AAOB = ARED, the corresponding angles with vertices at
B and D are congruent. . The corresponding angles of these two

triangles are congruent.

In view of the correspondence
between the vertices, we have the
following correspondence between
the sides:

OA «—> OC
AB «——>CD
0B «—> 0D

[sec. 9-5]
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It does not appear that these corresponding sides are congruent.
However, we know that the measure of OA 1s a, and we know that
the measure of OC 1s 2a. Aléo, the measure of AB is b, and
that of CD 1s 2b. WLith the Pythagorean Theorem it can be shown
that the measure of OD is two times the measure of OB, Thus,
each of the sides of ACOD 1s twice as long as the corresponding
slde of AAOB. The ratios of the lengths of the corresponding
sldes are equal:

oC“Co-0b" 2
We express this relationship by saying that for these triangles

"the corresponding sides are proportional,"
So far we have consldered only right trlangles. In the draw-

ing below are two triangles, AABC and AA!B'C!,

0]

OA L AB _ OB _1
D

c

A B A' B

The corresponding angles are congruent. That is,
/AZ /Ay, /BE/B', and /C=/cC\.
Each side of AABC has twice the length of the corresponding side
of AA'B'C!'. That is
AB=2(Aa'BY), aAc = 2(Atc'), and BC = 2(B'C!).

These are examples of what we call "similar triangles."

Definition: Two triangles are said to be similar 1f there

is a one-to-one correspondence between the vertices so that
corresponding angles are congruent and the ratios of the
measures of corresponding sides are equal (that is, correspond-

“{ng sides are proportional).
" [sec. 9-5]
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This definition means that any two triangles ABC and A'BIC!?
are similar if the following two conditions hold:

l. [LAS/AYy, /BE/BY, and [CW/c,
It 1s possible to prove that if condition 1 holds, ‘then condition
2 must hold, and if conditiovn 2 holds, then condition 1 must hold,
(You might try showing that this statement is true.) We will accept
the statement here without proof., It follows from the statement
that only one of these conditions need be used in defining similar
triangles, ‘

The only similar figures we shall consider in this chapter are
triangles. For other figures, such as squares and rectangles, both
of the conditions listed above are
necessary for establishing similar- rectangle
ity. For example, the square and
rectangle at the right have con-
gruent angles, but the sides are
not proportional. The square and rhombus
the rhombus have congruent sides, Square
but they are not similar.

Class Exercises 9-5 ¢

1. AABC and AA'B!C! are
similar triangles in which
A and A!', B and BV, A 8
C and C?! are corresponding c'
vertices. Supply the missing
information where it is
possible. Where it 1s not
possible, explain why.

[sec. 9-5]
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-(a)

(v)
(c)
(a)
(e)

il
-5

m(/ &) =30, m(/ B) =75, m(/A"Y)
AB=3, AC =14, A!B! =6, AlCt = ?

?, m(l B')

1
)

%CE =2, A®B! =35, BIC! =2, AlC!
EC—:-;-, A'CY = 3, A'B! = 2, BIC! = ?
m(/ A) =30, m(/ B) =73, m(/A?) =2, m(/C})

0

Find which of the following are true statements. Give reasons
for your answers. '

(a)

(v)
(c)
(a)

(e)

(a)

(b)

If one acute angle of one rigii: triangle is congruent to
an acute angle of another right triangle, then the
triangles are similar.

If two sides of one triangle are congruent to two sides
of another triangle, then the triangles are similar.

AB AC AB BC
I —ATET = FE—,- and W = BioT then triangles ABC and
A'BIC! are similar.
I %:Kﬁ,—%— then triangles ABC and A'B!C! are
similar.

AB _ _AC ASB! _ BIC!
If 7T = {icT and —p— = =g then triangles .AE

and A'B!'C?' are simillar.

If the corresponding angles of two guadrilaterals are
congruent, must the ratios of the measures of corresgpond-

' ing sides be equal?

If the ratios of the measures of the corresponding sides
of two quadrilaterals are equal, will corresponding
angles be congruent?

109
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Suppose that A ABC and A-A'B!IC' are two similar trianéles
such that AB=3, AC =6, and BC = 7. Find the measures
of the lengths of the remaining two sides of A A'B!C! when
the measure of one side is as follows: :

(a) A'B'= 6,
(b) aAtct = 2,
(¢) BIC! =5,

Let AABC and A TSR be two triangles such that

LAZ/T, [BE/S, and /RE/C. W1l the triangles

be similar? Explain,

Suppose in the previous problem we knew only that /A 5 /R
and that / B g‘£ Se Would it be necessary that’the-triangles
be similar? Explain. :

Exerclses 9-5

Draw a triangle ABC. Let D be the midpoint of side AB
and E the mldpoint of side AC. Which of the following
pairs of ratios are equal? Give reascns for your answers.

(2) AB AD (b) AB AC (c) AD AB (a) AD AB

! AC’ BE D’ 1E DE’ BC AC’ BE

Would your answers in Problem 1 be different i1f you had
started with a different triangle ABC? Why or why not?
Draw a triangle ABC and let DE be a line segment parallel
to BC, where D 1is on AB and E 1s on AGC. Then answer
the questions in Problem 1.
Suppose ABC 1s a right triangle and the angle at A 'has a
measure 1in degrees of 31. What is the measure of the other
acute angle? '
Suppose ABC 1s a triangle for which m(é A) = 35 and
m(/ B) = 47. Find m(/ C). -

110
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6. Draw a triangle ABC and choose E as some point on the side
AB. Draw a line through E parallel to ﬁE and let it inter-
sect AC 1in the point D. Show that triangles ABC and AED
are similar and point out which angle in the triangle AED
corresponds to / ABC in triangle AEC.

7. Let ABC and A'BIC! A'
be two triangles in
which angies A and A? A E' F
are congruent,
A'BY = 2(AB), A'C' = 2(AC). Z//\\\\\\\\
Let E!' and F! be B ¢ 8

the midpoints of the
'§;Qes A'B!' and A'C!'! of the second triangle. Show that
triangle ABC 1s congruent to triangle A'E'F!. Use this to

show-that triangle A!B!C! is similar to triangle” ARC.

8. Draw trlangles ABC and A'B'C' as in Problem 7. Angles A
and A' are congruent, but A'!'B' = 3(AB), A'C! = 3(AC).
Show that triangles ABC .and A'B!C! are similar.

*9. Suppose ABC and A'BI!C! are two triangles and that

AB_ AB!  AB_ AlB!
AC ~ ATCT BC -~ BIC

(a) If the given equalities hold and A'B! = 3(AB), show

that A'C' = 3(AC). and B!C! = 3(KC).

(b) If the given equalities hold.and A'B! = s(AB), show

that AfC!' = s(AC) and B!C' = s(EC).

9-6. Scale Drawings and Maps

In the previous section you learned to define two triangles as
similar 1f there 1s a one-to-one correspondence between thg vertices
such that corresponding angles are congruent and corresponding sides
are proportional. '

[sec. 9-6]



You are familiar with maps. What do you expect from a mape
If it 1s a map of a stape,?for example,
you need to have a one-to-one corre-
soondence between the important cities
and the points on the map; that is,
each clty is to be represented by one
particular point on the map as shown
at the right, Then, corresponding
angles should be congruent; that is,
"if A, B, and C are three cities,
the angle ABC on land should be
congruént to the cbrresponding angle
ABC on the map. '

Should corresponding distances be equal? This would be tog
much to expect since then the map would be too large. Ryt if City
A 1s twice as far from city B as city C 1is, then the corre_
sponding distance on the map, AB, should be twlce vhe corr€Spgngin
distance BC. In other words, corresponding distances spould. be '
proportional in the same way that the sides of two similgr triangies
are proportional. '

Since the earth is a gri;»re, and there are hills ang valleys,
no map on a fiat»sheep of puiny' can exactly meet the requireménts
we have set down. In fact, the size of a city is not usyally
proportional to the size of the dot which represents ¥t on the mgp,
Nor are the widths of a road or a river proportional go the Width
of the lines which represent them. However, our usua) myps aPProx-
imately satisfy the requirements we gave above, '

You have heard of scale drawings. Scale drawingy ave a King -
of map. Such a drawlng in a plane must show angles agcupately. To
make distances the same in the drawing as in the actuyl object wouild
result in an unmanageable drawlng due to size. Hence, wy make dis-
tances on .the érawing smal;ef than the actual object. Ryt we keep
"the ratio of the distance on the drawing to the correyponding
distance on the object the same. That is, 1if cne length on
the object 1s twice another length, then, on the drawing, the Coprpe.

—

>
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sponding lengty, will be twice the other. This ratio is called the

Ngcal€ ® uppgse we make a drawing and decide to let one inch on
“the grawing Coppespond to one foot on the object. We have chosen

one inch «—— c¢ne foot'

to pe The SCale and We must be careful to use this throughout the
QrawifB* S9Ch 5 scale 1s usually written "one inch = one foot."
Ir we are Carerul to make the.drawing accurate we can measuré dis-
tance® on the drawing and thus find approximately what the corre-
spondiPé di8tanees are on The object itself,

me first step 1n scale drawing is to select a scale so that
the drawing Wlly rit on the paper and yet not be too small to use
fo actual Meagyrement. Suppose you are to make a scale drawing of-
a fo otbal field that 1s, the portion marked by lines within which
t e plad takeg place- A football field 1s a rectangle that is 300

g (that 1s, .45 yards) long and 160 feet wide. We might try
a"scalé of 0.1 ,m to a foot; that is, 0.1 cm on the drawing
wyyl cOTTESPong 5 1 foot on the rield. Then on the scale draw-
ing, °F ™Ps the 1ength of the field will be represented by a
Q1 s£ance Of 30 om. But this is too 1ong for the usual sheet of
Notebol¥ PaPer . we decide to use a "smaller" scale. "Smaller"
hepe MBS We yy.7 use a shorter distance on the scale drawing to
Cor respond to a root on the field. We select a scale, B

0.05 em = 1 foot.
Ty 0919 @lsg e written as

1 em 20 feet,

Using P18 SCale, the length of the football field in the drawing
wy1l e’ o
(0.05) * (300) = 15.00, or 15 cm
: or
320 = 15, wnich 1s also 15 em.

Slmilarly’ We oan multiply 160 by 0.05 (or we can divide 160
by 20) to determine that the width of the fileld will be represented
by a 1iné 8 om 1ong in the drawing.

[sect 9-6]
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Class Exercises 9-6

Make a scale drawing of a football field. Use the scale
0.05 em =1 foot or 1.cm = 20 feet. The length of the
field on your drawing should be 15 cm, and the width of

' the field on your drawing should be 8 cm.

(a) Draw a line from one corner of the field diagonally
across to the opposite corner. Measure the length of
this dlagonal. What is its length in centimeters?

(b) Using your scale, determine the measure of the corre-
sponding distance on the football field.

(c) Verify your answers for (a) and (b) using the Theorem
of Pythagoras. '

- Assume you are to make a‘scale drawlng of a football field
‘using the scale f% inch = 1 foot.

(a) What would be the length of  the field on a scale
drawing? '(Determine your answer to the nearest tenth

of an inch.)
(b) What would be the width of the field on a scale

drawlng? )

- What length would a line segment on a scale dréwing be

to correspond to a measurement of 50 feet for each of
the followlng scales?

(2) 5 inch =1 foct, (d) ‘1 inch = 10 feet.
(b) 1 mm=1 root, o (e) % inch = 5 feet,
(c) % inch =1 foot. (f) 0.05 cm =1 -foot.

On a scale dréwing, the measurement of a line segment is
10 inches. What is the length of the corresponding line
for each of the following scales?

(a) 1 inch = 10 feet. (a) % inch = 2 feet.

(b) % inch = 1 foot. (e) 1- inch = 0.5 feet.

(c) % inch = 1 foot, (f) % inch = 10 feet.
[sec. 9-6]

il

114



388 . .

An illustration in a dictionary may indicate a scale of 5%5‘
Similarly, the scale on a map may be —5_555 The first scale means
that one unit of measure on the illustration represents 300 units
of measure on the actual object. Similarly, the second scale means
that one unit of measure on the map represents 50,000 units of
measure on the actual object. _ ‘

A picture of "a“whale indicates. the scale 5%5. The length of
the whale in the picture is about li inches. This means the
actual length of the whale is about '

300 + 13 = 450, that is 450 inches or about 37 feet.

A line segment on a map has a measurement of 5 1inches. The
scale on che map 1is ———l—h-h-What 1s the corresponding measurement
on the earth?

50,000 » 5 = 250,000, that is, 250,000 inches.

Dividing 250,000 by 12 we find that the corresponding
distance on earth has a measurement of about 20,866.6 feet.
Dividing this by 5,280 we determine that this is about 3.9 miles.

Exercises 9-6

l. It is indicated on a map that % inch represents 50 miles.
How many miles are represented by 4%"inches°

2., If 1t 1s indicated on a map that E inch represents 25 miles,
how many incnes would you use to represent 750 miles°

3. A plot of ground i1s in the form of a parallelogram. The
longer sides measure 92 feet and the shorter sides measure
40 feet. The acute angles have a measurement of 70° and
the obtuse angles have a measurement of llOO, Make this
scale drawing. Iet i% inch represent 1 foot.

4, City B 1s 40 miles east of city A and city C 1s 30
miles north of city B. Using 8 inch to represent one mille
draw a map in the form of a scale drawlng of these distances.
How many miles is 1t from city A toclty C 1n a direct
line?

e [sec. 9-6]
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Make a scale drawing of a tennis

court, A tennis court 1s a rec- . oHey
tangle having a length of 78 ‘q3?'1
feet and a width of 36 feet. , T
The alleys are 4% feet wide. 78’ 2! .
The service courts are 21 feet l '\\xservice
in length and 13- feet in width. court
Let B‘ inch represent 1l foot. -

4%30 —
The scale on a map 1s ————E;———. To the nearest tenth of a

1,200,000
mile, what measurement on earth is represented by a line

segment 1 inch long on the map.

A regulation baeeball dlamond

is in the.shape of a square,

the length of whose side is

90 feet. The pitchert?s box .
is on the line through home

plate and secohd base and is

60— feet from home plate.

Make a scale drawing of a

pltcher?ts box as a polnt. Use
measurements from your drawing
to answer the following questions,

(2a) What is the approximate measurement of the distance
‘from the piltcher!s box to second base? (Measure to the
vertex of the angle at second base.)

(b) If a person runs directly frém first to third base, about
how close to the piteher's box does he come?

[sec. 9-6]
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10.

(¢c) If the shortstop stands 6n the line from sedond to third
base and 1s halfway between them, about how far is he
from home plate?

(d) If a player runs from third base to home plate, what is
the measurement of the least distance to the pltcher?s
box?

A ship is seen from two different points, A and B, on the
shore. This distance between A and B is 100 feet. If
S represents the point where the ship 1s, the measuremnents
of the followlng angles are found:

m(/ SAB) = 30° and m(/ SEA) = 70°.
Make a scale drawing making AB = 5 inches,
(a) Why is the triangle you drew similar to the triangle ABS?

{b) By measuring your drawing, f£ind the approximate distances
from A to the ship and from B to the ship.

Suppose A, B, and C represent three cities the followlng
dlstances apart:

AB = 100 miles, AC = 75 miles, BC = 60 miles.

City C 1s due west of clty A, and city B 1s north of the

line AC. Make a scale drawing in which 1 1nch corresponds

to 20 miles.:

(a) What are the corresponding distances on your scale draw-
ing for AB, AC, and KC? ..

(b) What is the approximate measurement of the angle between
AC and AB, (/ BAC), on your drawing?

¢fc) Determine the approximate direction from city A to
city B.

If in the prévious problem, the scale had been chosen so.that
1 inch corresponds to 10 mlles, what would be your answers
for (a)? What would be your answers for (b) and ()2

[sec. 9-6]
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A cow and a barn are on ﬁfﬂ
opposite sides of a small N
broock which flows along a AN
straight line. Suppose 50" AN

the cow 1s 40 feet from 90° \\\

the brook and the barn is .4;;§:::::m:§£ _____ __34_“
50 feet from the brook, 1
both distances being N
measured perpendicular to : \
the brook. Iet 100 feet : : .
be the distance between the ) \Cv

polnts on the stream from
which these other two distances are measured. Make a scale

o,

drawing and use this to find the following distances: i

(a) The approximate length of the shortest path from the cow
to the barn, B to C.

(b) If this path crosses the stream at A, f£ind the distance
from S to A and from A to R. -

Devise some method to do Problem 9 without a scale drawing
and then verify your answers.
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.9=T. Kinds of Variation
Earlier in this chapter
you learned about similar right e
~ triangles. In the drawing at '
the right the graph of the - Ri24
equation y = 2x 1s shown. '
‘From the points P, Q, R, and
S, perpendiculars are dropped : 2 10 >
to the X-axis forming four
"similar right triangles. For ‘fg
each of these triangles, the
ratio of the Yy-coordinate to
the x-coordinate is equal to 3°8)
%u Thus, 2 1s the slope of 7
the line. There is a relation '
between the y-coordinate and
the x-coordinate for each point
on this graph, and this relation 1s expressed by the equation

yig

N
I\

¥y = 2%X.

For each ordered pair associlated with a point on the graph the
y-coordinate 1s two times the x-coordinate. We say that these twb
coordinates are related in a particular way. In the world around
you there are many situations where two quantities are related.

When you buy peanuts, the amount you pay depends on two things,

the amount you buy and the price of the peanuts. If you hang a
mass on a spring balance, the distance that the spring stretches

is related to the strength of the spring and the weight of the mass.

.Class Exercises 9-T

1. Suppose peanuts cost. $.60 per pound. Make a table showing
the cost of various amounts of peanuts as shown below:

Amount 